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1. Introduction

Collective actions, such as riots, protests and political campaigns, are often immersed
in rumors. Perhaps the most dramatic theater to witness rumors in action is a political
revolution. Amid the recent Tunisian revolution, Ben Ali, the ex-Tunisian leader, was
said to have fled his country. This was confirmed after conflicting rumors about his
whereabouts, and finally led to the end of street protests. A while later in Egypt, it
was widely reported that Mubarak’s family had left for London, which was believed
by many as a clear sign of fragility of the regime. Similar rumors about Qaddafi and
his family appeared in Libya when the battle between the opposition and the regime
intensified. Rumors are not unique to the series of revolutions in the Arab Spring.
During the 1989 democracy movement in China, rumors repeatedly surfaced about
the death of the leaders, Deng Xiaoping and Li Peng, as well as the divide among

communist leaders, all of which indicated the vulnerability of the regime.!

Are rumors just rumors? One might conjecture that rumors that spread during
turmoils would quickly disappear without leaving a trace, as individuals might sim-
ply ignore, disbelieve, or at least discount unreliable information. However many
historical incidents suggest otherwise. Rumors often turned out to be effective in mo-
bilizing citizens to take action. The news about Mubarak’s family proved to be false
a while later, yet the opposition credited it for “mark[ing] a new phase” in their cam-
paign (World-Tribune.com 2011). Another famous example is the Velvet Revolution in
Czechoslovakia, which was described as a “revolution with roots in a rumor” (Bilef-
sky 2009). At the dawn of the revolution in 1989, a prominent rumor that a 19-year
old college student was brutally killed by the police triggered many otherwise hesi-
tant citizens to take to the streets. The revolution gained momentum right after that.
Chinese history also offers anecdotes in which rumors mobilized mass participation
in the Boxer Uprising, the Republican Revolution, and the May Fourth Movement.?
Similarly, riots are often sparked by rumors as well: the 1921 Tulsa race riot and the

1967 Newark riots provide dramatic examples.

A common interpretation of the role of rumors in mass movements is that individ-
uals are just blindly herded by rumors. In this paper, however, we adopt the position
that individuals are fully aware that rumors circulating in times of turmoil may or may
not be well founded, and that they update their beliefs in a Bayesian manner. Since

rumors are widely circulated and commonly observed, they may serve as a coordi-

IThere were widespread rumors of many variants that Deng died of illness during the protest and
that Li was gun shot to death. It was also widely rumored that some senior leaders in the Communist
Party wrote an open letter to oppose any actions against students. Some of these rumors were repeated
in the print media. See, for example, the news reports in the daily newspaper Ming Pao on June 6, 1989.

2Zhang (2009) documents these events in details, supplemented by several contemporary cases in
China.



nation device just like a public signal in a coordination game. We explain why some
rumors are effective in mobilizing participation in collective actions while others are
simply ignored, which depends on the extent to which rumors are deemed plausible

by individuals with diverse private information.

Furthermore we emphasize how communication can reinforce the role of rumors.
Individuals in times of uncertainty and crisis often seek others” opinions and discuss
with peers about their judgment and evaluation of rumors. Information from fellow
participants can influence their beliefs and even actions, especially when they are un-
sure of what actions they should take. We show that such “idle talk” about rumors
between individuals could potentially overcome their skepticism and strengthen the
impact of rumors on mobilization. With communication, it is possible that rumors can

have a greater impact on mobilization than does fully trustworthy information.

Specifically, we model political revolution as a coordination game among a large
number of citizens, who decide whether to revolt against the regime or not. Citizens
are uncertain about the regime’s strength and possess dispersed information on it. In
this model, global strategic complementarities arise, i.e., citizen’s incentive to revolt
increases with aggregate action of all the other citizens. If the number of participants
is sufficiently high, the regime collapses; otherwise it survives. Before citizens take
actions, they hear a rumor about the strength of the regime. This rumor is a pub-
licly observed message, which could be either an informative signal on the regime’s
strength or an uninformative noise unrelated to fundamentals. Citizens assess the in-
formativeness of the rumor based on their own private information on the regime. As
a consequence of diverse private information among citizens, their assessments may
also differ. Citizens are also allowed to communicate with one another and exchange
their assessments on the rumor. In other words, they tell each other whether they

think the rumor is believable or not.

In this model, citizens understand that rumors could be uninformative and there-
fore remain skeptical of them. They make an inference on how likely a rumor is in-
formative based on their own private information, using standard Bayesian rules. The
likelihood they assign that the rumor is informative is endogenous: if the rumor is far
different from what the citizen personally knows about the regime, she tends to dis-
count it more heavily. One obvious implication of this mechanism is that very extreme
rumors—news that almost no citizens would believe—have little effects on equilib-
rium outcomes. Not surprisingly, due to their skepticism, citizens are less responsive
to the news they hear: rumors against the regime mobilize less attackers, compared to

the hypothetical case where such news is known to be trustworthy.

When citizens are allowed to communicate with each other, a fraction of the popu-



lation (those with intermediate private information) will decide to attack the regime or
not, depending on whether or not their peers believe in the public rumor. With com-
munication citizens on the whole are better informed about whether the rumor they
hear is close to the underlying state than they are without communication. Specifi-
cally, when the rumor is close to the true regime strength, more citizens will believe
it is sufficiently informative and send confirmatory messages to their peers. Citizens
who receive confirmatory messages believe that the regime strength is more likely
to be close to what the rumor indicates, and therefore assign higher weight to states
of nature close to the rumor. As a consequence, there will be more attackers than
when communication is not allowed, if the rumor is against the regime and happens
to be near the true state. Moreover the coordination effect of communication can be so
strong that more regime attackers can be mobilized by a negative rumor in this com-
munication model than in a model in which all citizens trust the news fully without

any information exchange.

Although we assume that rumors are exogenous in this paper, our framework al-
lows us to analyze the effects of alternative communication devices and the manage-
ment of information by the state. First, the mode of communication matters for equi-
librium outcomes. Specifically we show that if citizens can fully communicate their
private information instead of just exchanging messages about whether or not they
believe in the rumor, then they tend to rely less on the public information conveyed by
the rumor. Second, sentiment—the public’s perception of what untrustworthy news
would sound like—is a double-edged sword. On the one hand, the regime could ma-
nipulate perceptions and discredit negative information against itself, so as to increase
the likelihood of its survival. On the other hand, systematic propaganda attempts by
the government to spread news about its alleged strength only makes rumors about
the regime’s weakness more credible. Third, we also use our framework to study the
effects of censorship. Suppose the government blocks any public information against
the regime and only allow positive rumors to circulate. Then citizens would interpret
the absence of rumors as a sign of bad news for the regime. We can show that cen-
sorship in this model can backfire in that it does not necessarily help the regime to

survive.

While not dismissing the relevance of the role of rumormongers and the process
of how rumors spread during revolutions, our paper focuses on the effects of rumors
and communication on the equilibrium in a coordination game, taking the origin and
the content of such rumors as exogenous. Studies on rumors show that they could
be created both intentionally or unintentionally (Knapp 1944, Nkpa 1977, Ley 1997,
Grunden, Walker, and Yamazaki 2005, Elias and Scotson 1994, and Gambetta 1994).

The incentives of rumormongers could be unpredictable in the sense that they might



be created neither for the purpose of mobilizing collective action nor for defending
the regime (Zhang 2009 and Turner, Pratkanis, Probasco, and Leve 1992). Misunder-
standing between individuals is a usual source of rumors (Allport and Postman 1947,
Peterson and Gist 1951, and Buchner 1965). See, however, Edmond (2011) for a model
of state information manipulation in a global game context. We also choose to abstract
from how rumors travel from one to another.® It is implicitly assumed that rumors
could reach to every citizen in the game.* This assumption seems to be not unrealis-
tic for many revolutions in history: Rumors against authorities did gain a substantial,

even huge, amount of publicity among individuals under very repressive regimes.

This paper should not be interpreted as contradicting the literature that stresses
structural factors as root causes for a revolution (Skocpol 1979). Structural factors,
such as the state of the economy and international pressure, are those that make a
society “ripe” for revolution. However, it has been noted that structural factors are
not sufficient for a successful revolution. In line with Bueno de Mesquita (2010), we
argue that some random factors also play a role in determining the fate of a revolution.

In our model, the realization of rumors serves as a source of randomness.°

Our work enriches the global game literature in a couple of directions. Unlike most
global game models, we offer a more general specification of public signals and allow
citizens to be skeptical of the public information they observe. A common implicit
assumption in the literature is that citizens believe the public signal is informative.
When they form the posterior belief on the fundamental, citizens assign a constant
weight on the public signal based on the its relative precision to private signals. The
implication is that citizens would not adjust the weight, even though the public signal
is remarkably different from what their own private information implies. However,
such updating rule seems to be counter-intuitive, in view of the fact that individuals
tend to disbelieve information which is too different from their priors. Our model
provides a formal justification using mixture distributions to explain why the standard

linear updating rule may not be appropriate.

3Sociological studies find two types of rumor propagation mechanisms: “snow balling pattern” (Pe-
terson and Gist (1951)) and “simplification pattern” (Allport and Postman 1947 and Buchner 1965).
Modeling the process of diffusion of rumors in a non-reduced form deserves a separate endeavor.

4In principal, we could also assume that a certain fraction of citizens do not hear any rumor. This
would not affect the main results that we characterize in our model.

5The rumor that a college student was killed by the police, which ignited the Velvet Revolution
in Czechoslovakia, was broadcast by Radio Free Europe. Modern mass media including the inter-
net offer additional channels for spreading rumors. For example, in 2009, the Iranian post-election
anti-government protest intensified after a rumor surfaced in the internet that police helicopters were
pouring acid and boiling water on protesters (Esfandiari 2010).

®In contrast to the literature with multiple-equilibria, our model features unique equilibrium. We
attribute the fundamental cause of success or failure of a revolution to the regime’s strength. However,
for the same strength of a regime, it could collapse when the realization of the rumor takes certain
values, while it would survive when it takes some other values.



It seems that the coordination role of direct communication between individuals
has been largely overlooked in games with large population. Typically, citizens are
assumed to only respond to signals they observe, and further interaction between citi-
zens are often left out for the sake of simplicity and tractability.” In reality, individuals
do exchange information with each other before they make decisions and take actions.
This is especially true in collective actions such as protests, demonstrations and revo-
lutions. In our work, we model direct interaction between citizens by allowing them to
communicate privately, rather than allowing them to observe a public signal of what

others are doing.

2. Related Literature

Our paper builds on the global game literature (Carlsson and van Damme 1993 and
Morris and Shin 1998), which has been applied to analyze issues in political economy.
Among recent examples are Boix and Svolik (2010), Chassang and i Miquel (2010)
and Edmond (2011). In our model, the dispersion in private information is crucial to
generate different assessments on the informativeness of rumors. Information hetero-
geneity provides a ground for the study of communication between citizens, which is
at the core of this paper. We choose to interpret our model in the context of revolution,
but it can also help to understand similar coordination games, such as bank runs and

currency attacks.

Our work is related to a small economics literature on rumors. Banerjee (1993)
develops a model where rumors on investment opportunity are passed on from one
agent to another, but recipients do not necessarily believe those rumors. In that model,
the probability that someone hears a rumor is positively related to the number of peo-
ple who have heard it. Bommel (2003) studies the effects of rumors on stock prices. In
his model, informed investors with limited trading capacity profit from their private
information, and they also spread rumors (i.e., give informative yet imprecise infor-
mation to their followers) so that they profit from stock-price manipulation. Like their
models, we also assume that a rumor heard by citizens cannot be verified, and that
citizens use Bayesian updating in deciding whether to take action or not. Unlike their
models, in which a rumor is passed on to each other sequentially, we provide a model
in a static setting, in which a rumor is heard by citizens simultaneously. We focus on

communication among citizens about the rumor rather than the transmission of the

7 Angeletos and Werning (2006) is one of the few exceptions. They explicitly acknowledge the im-
portance of direct interaction between agents in coordination models. In one extension of their model,
agents are allowed to observe a public signal about the aggregate attack, which conveniently approxi-
mates the situation where agents could learn about actions of others. We capture the direct interaction
between citizens by allowing them to discover other’s personal judgment through one-to-one private
communication.



rumor itself.

This paper also contributes to a growing literature on revolutions in economics.
Edmond (2011) considers a coordination game where citizens’ private information
about the regime’s strength is contaminated by the regime’s propaganda. Citizens
understand the signal-jamming technology used by the regime and form their beliefs
accordingly. Our model differs in that private information is uncontaminated, but the
public signal may be false and unrelated to the fundamental. Both Bueno de Mesquita
(2010) and Angeletos and Werning (2006) study coordination games with two stages,
where public signals arise from the first stage. In our model, the “attack stage” is
preceded by a “communication stage,” where a private message endogenously arises
and enlarges citizens’ information set. New development of this literature puts em-
phasis on uncertain payoffs from revolt (Bernhardt and Shadmehr 2010 and Bueno de
Mesquita 2010). Given that our focus is the effect of rumors and communication, we
assume that only the strength of the regime is uncertain.

In other fields of social sciences, there is no lack of discussions on rumors (e.g.,
Allport and Postman 1947) and revolutions (e.g., Goldstone 1994). However there are
fewer studies on the relationship between these two. The idea seems to have been
“up in the air” that rumors work as a tool to motivate citizens to participate in so-
cial movements such as riots, demonstrations and revolts, but the precise mechanisms
through which the actions taken by citizens are related to the rumors they hear remain
unspecified. Our model is a first step toward formalizing one such mechanism to ex-
plain explicitly how rumors affect citizens’ beliefs, actions, and therefore equilibrium

outcomes in revolutions.

3. A Model of Rumors and Talking about Rumors

3.1. Players and payoffs

Consider a society populated by a unit mass of ex ante identical citizens, indexed by
i € [0,1], who play against another player, the regime. Citizen i chooses one of two
actions: revolt (a; = 1) or not revolt (a; = 0). The aggregate mass of population that
revolt is denoted A. Nature selects the strength of the regime, 6. The regime survives
if and only if & > A; otherwise it is overthrown. A citizen’s payoff depends both on
whether the regime is overthrown and on whether the citizen chooses to revolt. A
positive cost, ¢ € (0,1), has to be paid if she revolts. If the regime is overthrown,
citizens who revolt receive a benefit, b = 1, and those who do not participate receive



no benefit.® A citizen’s net utility is therefore:

1—¢c, ifa;=1and A > 6;
u(aj, A,0) =¢ —c, ifa;=1and A <6;
0, ifﬂi:O.

3.2. Information structure

Citizens are ex ante identical and have improper prior on 6. They become ex post
heterogeneous after each of them observes a noisy private signal,

xi=0+¢;,

where the idiosyncratic noise ¢; ~ N'(0,02) is normally distributed and independent
of 6, and is independently and identically distributed across i. This assumption cap-
tures the situation that citizens have diverse assessments of the regime’s strength, be-

fore they hear any rumor and communicate.

Our next assumption is that all citizens hear a rumor, z, concerning the strength
of the regime. The rumor is a public signal observed by all citizens. It could come
from two alternative sources: either a source which offers an informative signal on the
strength of the regime, or a source which only produces uninformative noise. Formally

we model the random variable z as coming from a mixture distribution:

[ ~N(6,0%), with probability «;
U~ N(s,0%), with probability 1 —a;

z ~

where [ indicates the informative source and U indicates the uninformative source.
The parameters, s and (T%[, are the mean and variance of the uninformative distribution,
respectively. The rumor comes from an informative source with prior probability «.
When this is the case, z is normally distributed with mean 6 and variance ¢2. We

assume that «, s, 0, and oy are commonly known to all citizens.

8We abstract from free-riding issues, which has been carefully addressed by Edmond (2011) and
Bernhardt and Shadmehr (2010). The benefits from regime change can be modeled as a public good
that all citizens would enjoy. Edmond (2011) offers a general payoff structure to accommodate this
concern. He shows that a condition can be derived such that citizens still have incentives to act against
the regime, despite the free-riding incentives. To avoid being repetitive and keep the results sharp, we
adopt a simpler payoff structure in this paper, which is a special case of his.



We maintain the following parameter restrictions throughout this paper:

Oy < Uf\/27t; (1)
O’LZI > 02402 =02 (2)
The first restriction is standard. When & = 1, the model reduces to the standard

Morris-Shin model with public signal. Condition (1) is both sufficient and necessary
for uniqueness of equilibrium in that model; see the discussion in Angeletos and Wern-
ing (2006). The second restriction captures the idea that uninformative noises exhibit
greater variability than informative signals. Given that the rumor comes from infor-
mative sources, the variance of z conditional on 6 is ¢2. Since 6 has a variance of ¢2 to
agents with private signal x;, the unconditional variance of the informative source is

2 24 52
op =0y + 03

We stress that our specification of rumor as a mixture distribution is different from
an informative public signal with low precision. According to the linear Bayesian
updating formula, all agents would react to an informative public signal in the same
way regardless of their private information. In our specification, however, citizens
make an inference on how likely the rumor is informative. Since agents with different
private signals have different views regarding what informative news would be like,
they react to the same rumor differently. This mechanism plays a central role in our
paper and cannot be replaced by modeling rumor simply as an informative public

signal with a higher variance.

The parameter s can be interpreted as the “sentiment” of the public, which captures
their perception of what uninformative messages would sound like. For example, if
the public is used to receiving propaganda materials telling that the regime is strong,
then they may expect a high value of s. Alternatively, sentiments may be driven by
external events: news that would have seemed completely implausible (e.g., Mubarak
leaving the country) could suddenly become plausible when similar news was re-
ported and confirmed in a neighboring country. In this paper, we do not model where
the public’s sentiment s comes from, but we provide comparative statics analysis of

how shifts in s affect equilibrium outcomes.
3.3. Communication

After citizens observed their private signals and the rumor, they are randomly paired
up to communicate with each other. Specifically each citizen in a pair expresses her
views on the likelihood that the rumor is drawn from an informative source, and hears
her partner’s views on the same matter. We assume that such communication is not

frictionless: citizens can only convey to their partners whether they believe the rumor



is informative or not in a binary fashion. Let y; represent the signal sent to citizen i by

her partner j. The communication technology is characterized as follows.

1, if Prz ~ I|z,x;] > 9;

Yi=
0, if Pr[z ~ I|z,xj] <.

The threshold 4 in this communication technology is common to all citizens and can
be interpreted as a measure of their caution. Citizen j who sends the message y; = 1
to citizen i can be interpreted as saying, “I believe the rumor is informative;” while
the message y; = 0 can be interpreted as “I don’t believe it.” A high value of § means
that citizens are unlikely to say they believe in the rumor unless they are sufficiently
confident of their assessment. To rule out the possibility that agents will never say
they believe in the rumor, we require that § be not too high. Specifically we maintain
the following assumption throughout the paper:

0 < —— =J. 3)
wo; 4 (1 —a)oy

A few comments on our assumption about the communication technology are in
order. First, communication is non-strategic. Given that it is a game with a continuum
of agents, and that each agent only communicates with one other agent, there is no
incentive for citizens to strategically manipulate their partners’ belief by lying.

Second, the binary message space captures the coarsening of information in the
communication process. Citizens cannot fully express, explain and justify their own
private assessment on the informativeness of the rumor to their partners. The trans-
mission of information across individuals is beset with frictions that makes conveying
the exact probability assessments difficult. Information coarsening and communica-
tion in a binary fashion can be a cost-effective way of exchanging casual information,

and is commonly used in real life.

Third, we stress that talking about rumors is qualitatively different from other
forms of communication. In section 6.1, we consider a model in which citizens ex-
change their private signals with their partners. Under that alternative technology,
communication improves the precision of people’s private information and makes
them rely less on the publicly observed rumor. Under our maintained communica-
tion technology, on the other hand, we will show that communication reinforces the

impact of the publicly observed rumor.



3.4. Decision rules

This model can be regarded as a two-stage game. In the communication stage, citizen
i sends a message, y; € {0,1}, to her partner j based on the information set {z, x;}, and
receives a private message y; € {0,1} from her partner. In the attack stage, citizen i
chooses to revolt or not, given the post-communication information set {z, x;, ; }.

In the communication stage, citizens are heterogeneous in only one dimension:
they observe diverse private signal x;. Different people have different beliefs that the
same rumor z is informative because they have different expectations of what infor-

mative news is like. They follow the standard Bayesian rule to update their beliefs:

zwl_lq) (0’1_1(2 - xi)>

w09 (071 (z = %)) + (1 - )og'¢ (o' (2 —5) ) = v @

Pr[z ~ I|z,x;] =

where ¢ is the standard normal density function.
The function w(-, x;) is single-peaked in z, reaching a maximum at

o2

z=1x;+ (72—_10_2(xi —s).

u I

Thus rumors which take extremely high or low values are not believed by most citi-
zens. This feature is a consequence of our assumption that the distribution of U has
fatter tails than the distribution of I. We also note that w(z, -) is symmetric and single-
peaked in x;, reaching a maximum at x; = z. This means that citizens whose private
information are consistent with the rumor are more likely to believe that the rumor is

informative.?

Since w(z, -) is single-peaked in x; and reaches a maximum at x; = z, there exists
x(z) and X(z) such that

w(z,x(z)) = w(z,%(2)) =4,

provided w(z,z) > 4. Assumption (3) on the upper bound of 4 ensures that this condi-
tion is satisfied for any z. A citizen with private information x; between x(z) and X(z)
would have belief w(z, x;) greater than the threshold . The (non-strategic) decision

rule in communication stage can therefore be characterized by:

y(z ) = 1, ifx; € [x(z),%x(2)]; )

0, otherwise.

9See also Gentzkow and Shapiro (2006) and Suen (2010) for models which share the same feature.

10



Finally, note that the symmetry of w(z, -) about the point x; = z implies that x(z) and

X(z) are centered about z. That is, we can write
x(z) =z—x(z) and %x(z) =2z+«(z),

for some x(z) > 0.

After communication, the information set of citizen i is enlarged by the private
message y; sent by her partner j. Let p(6|z, x;, y;) represent her posterior density func-
tion of 6. In the attack stage, she chooses a; to maximize expected utility,

a(z,x;,y;) = arg m{%ﬁ} {/Oo u(a;, A(0,z),0)p0|z, xi,y;) dG} (6)
a;eq0, —00

The aggregate mass of attackers depends on the distribution of private signals x;
and communication messages y;. Given state 6, x; is normally distributed with mean
0 and variance o2. Given the decision rule y(z, x;) specified in equation (5), the prob-
ability that citizen 7 receives the message y; = 1 is equal to the probability that x; lies
within [x(z),%(z)]. Let J(6,z) represent this probability conditional on 6 and z. Then
the aggregate mass of attackers is given by:

A®7) = [ (1620050 + (- 16,2 0l 5,0) ¢ (U20) dn @)

0 X Ox

J(6,2) = ® <M> — P (M) , (8)

where @ is the standard normal distribution function.

with

3.5. Equilibrium

To summarize, the timing of events is the following. First, nature selects the strength
of the regime. Then citizens receive private signals and hear a rumor. Afterwards, cit-
izens are randomly matched in pairs and exchange their views on the informativeness
of the rumor. Based on the updated information set, they choose to revolt or not. The

regime survives or not, hinging on the measure of the mass of citizens who participate.

Definition 1. An equilibrium is a set of posterior beliefs p(0|z, x;,y;), a message sending
decision y(z, x;), a revolt decision a(z, x;,y;), and a mass of attackers A(0,z), such that (5),
(6) and (7) hold and the beliefs are derived from Bayes’ rule.

We focus on monotone equilibrium in which, for each realization of the rumor z,
there is a threshold strength of the regime 6*(z) such that the regime collapses if and

11



only if 6 < 6*(z). Citizens adopt the following monotonic decision rule:

1, ifx; <xjf(z)andy; =1,
a(z, xi,yi) = orx; < xjy(z) andy; =0,

0, otherwise;

where x7 and x{; are a pair of cut-off rules. The equilibrium ordering of x; and x7j
depends on the realization of z, and is elaborated in Section 5.

In a monotone equilibrium, the cut-off types must be indifferent between attacking
and not attacking. Let P(-|z, x;, y;) be the cumulative distribution corresponding to the
posterior density p(-|z, x;, y;). Then the indifference conditions can be written as:

P(0*|z,x7,1) =¢, 9)

P(0*|z,x;;,0) = c. (10)

Let A(G, x(z),%(z), x}, x{;) be the mass of attackers when the state is § and when

citizens adopt the cut-off rules x} and x{;. Then,

A0, x7,x1;2) = J(6,2)® (xfa_ 6) 4 (1—J(6,2))® (xi[ - 9) ,

X Ox

where the function ] is given by (8). The threshold regime strength must satisfy
A(0%,x%,xi1;2) = 6%, (11)

A monotone equilibrium can be characterized by the triple (6%, x},x];) that solves
equations (9), (10), and (11).

4. Rumors without Communication

Our model departs from the standard global game model of Morris-Shin model in two
respects: (1) the public signal may be uninformative; and (2) citizens can exchange
messages concerning its informativeness . To highlight the effects of these two sepa-
rate features, we discuss in this section a simplified model with feature (1) only but
without communication. Such a model can be obtained as a special case of our model
by setting 6 = 0, so that the everyone always sends the same message y(z,x;) = 1
and communication becomes irrelevant. We refer to this special case (i.e.,, 6 = 0) as
the “mute model.” The “communication model” with both features (1) and (2) present
(i.e., 6 > 6 > 0) is left for Section 5.

The "mute model” nests two important benchmarks: « = 0 and « = 1. When

12



a = 0, citizens believe that the rumor is completely uninformative. In this case, the
value of z is irrelevant and the model reduces to a standard Morris-Shin model without
public signal. We refer to this as the “pure noise model” and use (6}, x;;,;) to denote
the equilibrium threshold regime strength and cut-off agent type in this model.

The other important benchmark is the case of « = 1. In this case, the rumor is
known to be informative, and the model reduces to the standard Morris-Shin model
with public signal. We refer to this case as the “public signal model” and use (6}, x},,)
to denote the equilibrium threshold state and cut-off type. Obviously in this case these

equilibrium values depend on the realization of z.

The following result is standard. The uniqueness claim is established in, for exam-
ple, Morris and Shin (2003) and Angeletos and Werning (2006). For completeness, we
provide a proof of the remaining claims in the Appendix.

Proposition 1. In the “pure noise model” (i.e., &« = 0), the equilibrium is 0, = 1 — c and
xbhs = (1—c) — oy ®1(c). In the “public signal model” (i.e., & = 1), there exists a unique
equilibrium 0,,(z) and x,,(z) such that:

1. 05,(z) and xp(z) are decreasing in z;

2. (a) limz—s00 055(2) = 0 and limz 0 Xps(2) = —00;

(b) im;—, o0 B (z) = 1and lim;_,_o X3

ps (z) = oo; and

3. there exists a unique Z such that 0,,(2) = 6y, and x;5(2) = xps.

In the “public signal model,” citizen i’s posterior mean of & upon observing public
signal z is
Xi = pxi+ (1 - )z, (12)

where B = ¢2/(0? + 02) (and the posterior variance is fo2). A lower value of z in-
dicates that the regime is more fragile. Other things equal, this would result in more
agents revolting against the regime (x,,; increases), making the regime more likely to
collapse (0, increases). In the limit, as z becomes very small, almost all citizens would
revolt and the regime with type 6 <1 would collapse almost surely (6,5 goes to 1).

Part (1) and part (3) of Proposition 1 implies that 0y, (z) > 0, and x},(z) > x}, for
all z < Z. In what follows we say that a rumor is “against the regime” if z < Z; and
that it is “for the regime” if z > Z.

In the “mute model,” « € (0,1) and § = 0, so that citizens are skeptical of rumors
but communication is ineffective. By Bayes’ rule, the posterior belief about 6 upon
hearing a rumor z is a mixture of the posterior distribution in the “public signal model”
and that in the “pure noise model,” with weights given by the posterior belief that the
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rumor is informative or not. In other words,

P(6]2,x;) = w(z, x;))D (%f) b (1 w(zx;))d (9 ;xxf) , (13)

where the weight function w(z, x;) is given by (4) and where the posterior mean X; is
given by (12) of the “public signal model.” The crucial feature of this mixture distri-
bution for 0 is that the relative weights are not fixed (even though the mixture distri-
bution for z have fixed weights « and 1 — «). Instead the weights depend on both the

content of the rumor and on each citizen’s private information.

Despite the dependence of the weights of the mixture distribution on private infor-
mation, the cumulative distribution corresponding to posterior belief about 0 is still
stochastically increasing in x;. To see this, let h(x;|0,z) be the density function of x;
given state 6 and rumor z. For any 6; > 6, the likelihood ratio,

h(xil61,2) _ ¢(ox ' (xi — 1))
h(xil6o,z)  ¢(ox* (xi —6p))

is increasing in x;. This monotone likelihood ratio property implies that the posterior
distribution, P(0|z, x;), is decreasing in x; (Milgrom 1981). Thus, for any threshold
value of the regime strength 60, the expected payoff from revolt is decreasing in the

value of the private information x;. This justifies our focus on monotone equilibrium.

Let (6}, x;;,) represent the equilibrium threshold regime strength and cut-off agent
type in the “mute model.” The cut-off type must be indifferent between revolt and not
revolt:

P(0}]2,%,) = (14)

and the mass of attackers in state 6, must be equal to the threshold regime strength:

R * _g*
Awaﬁ»=¢(ﬂ%—ﬂ>=%r (15)
X

These equilibrium values depend on the realization of the rumor. The following result
characterizes the equilibrium 6}, (z) and compares it with the benchmark “pure noise

model” and “public signal model.”

Proposition 2. In the “mute model” (i.e., & € (0,1) and 6 = 0), the equilibrium threshold
regime strength 0}, (z) satisfies:

1. 6;,(2) = 9;5(2) = O

2. (a) if the rumor is against the regime (i.e., z < Z), then 0y,(z) € (6;5,055(2));
(b) if the rumor is for the regime (i.e., z > z), then 0;,(z) € (055(2), Opss);
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3. lim;,_ 05, (z) = lim;_, 05, (2) = 05, and

4. 0;,(z) is increasing then decreasing then increasing.

Figure 1(a) illustrates the properties of the equilibrium threshold strength 6;;, (z) de-
scribed in this proposition.!? Figure 1(b) shows the qualitative properties of the equi-
librium cut-off agent type x},(z) in the “mute model.” These properties are similar to
those of 0}, (z): x;;,(z) is increasing then decreasing then increasing, with lim;_, 1 X}, (z) =
xys- This follows from the attack equation (15), which can be written as:

X (2) = 0;,(2) + 02 @71 (6;,(2)).

Assumption (1) guarantees that x;,(z) is increasing in 6;;,(z).

0* z*
s
______ ~ N s N x*
* \ (z, 9) TRE -~
Gm \ 7 RN (Za .’E)
........... \ // SQ P
.. z* N e
.kl ..... Meeenn, . \f P
0:;15 Vo ieens l‘:”LS \\ ..........
\ N
\ SS -
N T~
~ z ~ =
(a) threshold regime strength 6*(z) (b) cut-off agent type x*(z)

Figure 1. Comparing the “mute model” with benchmark “pure noise model” and “public signal model”

Interestingly, the equilibrium pair (6}, x;;,;) of the “pure noise model” also solves
the “mute model” when the rumor z is neither “for the regime” nor “against the
regime.” Recall that in the “pure noise model” an agent with private information
x,,s believes that the regime will collapse with probability ¢ given threshold regime
strength 0;,,. Given the same threshold regime strength 0}, this agent also believes
that the regime will collapse with the same probability c in the “public signal model”
if the public signal is Z. Thus, for z = Z, it does not matter for this agent whether the
rumor is informative or not. If the threshold regime strength is 6, she believes that
the regime will collapse with probability c. Thus the indifference condition (14) is sat-
isfied. Given that the cut-off agent type is x},; at z = Z, the threshold 6;,; satisfies the

attack equation (15). Thus (6}, x;,s) is an equilibrium of the “mute model” at z = Z.

In this model, citizens are skeptical of the rumor, i.e., they take into account the

10Unless otherwise specified, we use the following set of parameters as benchmark to compute nu-
merical examples and illustrate: ¢ = 0.5,5 = 0.5,a4 = 0.5, = 0.5, 0121 =1, (722 =0.5,and UJ% = 0.4.
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possibility that the rumor could just provide a noise. The degree of skepticism is char-
acterized by the weight given to the rumor being informative, w(Z,¥) € (0,1). The
effect of skepticism manifests itself in the fact that the equilibrium regime strength
threshold is less sensitive to changes in z around Z than it is in the “public signal
model” and more responsive than in the “pure noise model.” Specifically,

_ dey, _ de(2) doy,(Z)

0 dz dz dz

(16)

which is implied by part (2) of Proposition 2.
To understand why (16) holds, let £(6, z) be defined as the cut-off agent type that

solves the indifference condition at threshold regime strength 6 and rumor realization
z. In the “mute model,” as well as in the benchmark models, the response of equilib-
rium threshold to a change in the realization of the rumor can be calculated by,

d6*(2) =p() %

=) (1)

(17)

where ¢(-) is evaluated at the equilibrium value of (x* — 6*) /oy of the relevant model.
The effect of rumor on the equilibrium regime strength threshold can be decomposed
into two components. At z = Z, a lower value of z means that the regime is relatively
weaker. In order to keep the expected payoff from attacking fixed, the cut-off agent
type £ must have a higher value of private information. Thus d%£/9z < 0, and the
numerator of (17) is negative. As the threshold for regime survival rises, the payoff
from attacking also rises, which raises £ further, because 0£/00 > 0. This multiplier

effect can be seen in the denominator of (17).

When z = Z, the equilibrium values of 8* and x* are the same across the three
models. Therefore, in equation (17), the term ¢(-) does not depend on the model being
considered. The critical factors in determining the magnitude of d0* /dz are 0% /dz and
0%/06, which determine the magnitude of the direct and multiplier effects. Atz = Z,
we have: X

%:1<89€m: w+(1—w)\/B <8xps:1' 18)
20 0  wp+(1—w)/B 9 B

Further, at z = Z, 0% /9dz 4 0% /06 = 1 for all the three models. Therefore, (18) implies:

0= 0z > 0z = 0z

The comparison of df},(Z)/dz with the counterparts in the benchmark models given
in (16) then follows immediately.
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The comparison in (16) shows that, at the point z = Z the sensitivity of equilibrium
outcome to the rumor in the “mute model” is between that in the “pure noise model”
and in the “public signal model.” More generally, part (2) of Proposition 2 states that
the value of 6}, (z) is always between 6;,; and 0;,(z) for any z. This, however, does not

mean that the “mute model” is simply a “public signal model” with a low precision.
Part (4) of Proposition 2 states that 6;,(z) is non-monotone, while Proposition 1

states that 0, (z) is monotonic decreasing. Note that

oP(Onlz,xi) B B ow
0z B w\/ﬁax(m +(®r=2u) 9z’

where the subscripts I and U means that the functions are evaluated at the points

(05, — Xi)/(\/Box) and (6}, — x;) /0y, respectively. If the rumor is informative, an in-
crease in z is indication that the regime is strong, which lowers the probability that the
regime will collapse. Hence the first term is negative. However, since w(z, x;) is single-
peaked in z, dow/dz < 0 for z sufficiently large. When the rumor is for the regime, the
probability that the regime will collapse is lower if the rumor is informative than if
the rumor is uninformative; that is, ®; < ®¢;. Therefore the second term is positive
for z sufficiently large. When the second term dominates the first term, an increase in
the value of z actually increases agents” assessment of the likelihood that the regime
would collapse. As a result, the marginal agent who is indifferent between attacking
and not attacking must have a higher private information about the strength of the
regime. In other words, d%,,/dz > 0 for z large, which implies d6},(z)/dz > 0 by
equation (17). When the value of z is intermediate, however, the first effect dominates,
which means that a higher value of z is a signal that the regime is stronger. In this
case, 0%y, /9z < 0, which implies d6;,(z)/dz < 0. This explains the non-monotonicity
of 6;,(z).

The non-monotonicity result also explains why the limit behavior of the “mute
model” is qualitatively different from that of the “public signal model.” When the ru-
mor is extreme, i.e., z — —oo or 400, the probability that it comes from an informative
source goes to 0. As a result, people disregard the rumor and the equilibrium is identi-
cal to that in the “pure noise” case: 6;,(z) goes to 6, and x},(z) goes to x};,;. In contrast,
in the “public signal model”, the equilibrium threshold monotonically deceases from

1 to 0 as z goes from —oo to co.

5. Rumors with Communication

In this section, we focus on the “communication model,” with § € (0,5) and « € (0,1).
In this model, citizens are still skeptical of the rumor they hear, but are allowed to
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communicate with one another about the informativeness of the rumor. We show that
communication can overcome the effect of skepticism and spark a sharp reaction to
the rumor among citizens when the rumor is not extreme. More surprisingly, a rumor
against the regime could be more effective in mobilization than a negative trustworthy

news that all citizens fully believe to be informative.
5.1. Equilibrium Properties

By Bayes’ rule, agent i who receives the message y; = 1 from her peer revises her belief
about the state to:

_ I Tt 2)p(tz, x;) dt
I It 2)p(tz, x;) dt

where p(-|z, x;) is the density associated with the belief P(-|z, x;) in the “mute model”

P(9|Z, Xi, 1)

given by equation (13), and where J(t,z) is the probability that a randomly selected
agent would send a message to his peer that confirms the rumor z in state t, as given
by equation (8). Note that the denominator is equal to Pr[y; = 1|z, x;], that is, the
probability that agent i expects to receive y; = 1 from his peer. The term J(¢,z) is
increasing than decreasing in t, with a peak at t = z. Therefore, J(t,z)/ Prly; = 1|z, x;]
is higher than 1 when the state ¢ is close to z, and is lower than 1 when ¢ is far away
from z. In other words, upon receiving the message y; = 1, the posterior density
becomes more concentrated around the rumor z than its counterpart in the “mute

model.” Similarly, agent i who receives the message y; = 0 revises her belief to:

S = 1(42)p(tz, x;) dt

POl 33, 0) = o (il w)

Let £1(0,z) be the value of x; that solves P(0|z, x;,1) = c. That is, an agent with
private information £; is indifferent between attacking or not attacking if the threshold
regime strength is 6, the rumor realization is z, and the peer’s message is that she
“believes the rumor.” Similarly, let £1;(6, z) be the value of x; that solves P(6|z, x;,0) =
c. In a monotone equilibrium, there are three possible cases for the ordering of the
cut-off types: £; > £y, £1 < £y, or £; = Xy. Suppose £; > £y. Then, citizens
with private information x; < £y attack the regime regardless of the message they
receive. We label this group of citizens revolutionaries. Similarly, citizens with private
information x; > #£; would not revolt regardless. This group of citizens is labeled
bystanders. Citizens with x; € [£y, £]] choose to revolt if they receive y; = 1 from
their partners, and not to revolt otherwise. Essentially, this group of citizens’ revolt
decisions are influenced by their partners” assessments of the rumor. We call this group
the swing population. See Figure 2. Similarly, if £;(z) < £y(z), revolutionaries are
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citizens with private information x; < £, bystanders are those with x; > #£;, and the
rest of citizens constitute the swing population. If £;(z) = %;(z), the mass of swing

population in society is zero.

Swing
Population

Revolutionaries Bystanders

xp(z) 0 x1(2)

Figure 2. An example of population distribution: revolutionaries, swing population and bystanders,
when x{; < xj.

Xi

Proposition 3. In the “communication model” (i.e., « € (0,1) and & € (0,05)), the equilib-
rium triple (0%, x7, x{;) has the following properties:

1. lim; 400 0% (2) = Oy, limy 100 X7 (2) = Xpg, and lim, 1o X7 (2) = Foo.
2. There exists a 2’ such that x7(z') = x{;(z') = x;,,(2') and 6* (2') = 0;,(').

3. Ifc =05, thenz' = zand 0*(z') = 0;,(z') = 0;,(2") = 6}

The limit behavior of the “communication model” is summarized in part (1). When
the rumor takes on extreme values, almost everyone says “I don’t believe it” (because
the limit of J(6,z) is 0 for any finite 6). The skepticism of an agent (captured by the
fact that the limit of w(z, x;) is 0) is reinforced by the skepticism of her peer (captured
by the fact that she receives y; = 0 almost surely). This explains why 6* and x{; are the

same as those in “pure noise model.”

The limit behavior of x}, however, is qualitatively different. If the rumor indicates
that the regime is very weak, an agent i is extremely unlikely to receive a confirma-
tory message from her peer. But in the unlikely event that she does, such an extreme
event will overcome her initial skepticism toward the rumor to the extent that, for any
finite value of x;, she becomes almost sure that the regime will collapse. Therefore,
in equilibrium, the cutoff type x}(z) must increase without bound as z becomes very
low, meaning that almost anyone who hears a confirmatory message about a rumor
that the regime is extremely weak will revolt.

The limit properties in part (1) of Proposition 3 immediately imply that there exists
z' such that x7(z') = x{;(z) = x’. Atsuch a 2/, the “communication model” is obser-
vationally equivalent to the “mute model”: the mass of swing population is zero and
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society is populated only by revolutionaries (citizens whose x; < x’) and bystanders
(citizens whose x; > x/).

Interestingly, we find that such a z’ coincides with Z in the case where ¢ = 0.5. It
means that rumors for which cut-off type citizens do not care about what their part-
ners say (y = 1 or y = 0) are also rumors for which they do not care about from
which source the rumor is drawn (z ~ I or z ~ U). This special case offers analytical
convenience and tractability, since equilibrium thresholds are the same across all the
four models when z' = Z, that is 0%(2) = 0;,(2) = 0,(2) = 6;,,. We study the role
played by communication in the “communication model” by letting z deviate from z’
and compare its results with the other three benchmarks. Therefore, in the remaining
analysis, we focus on this special case.

The equilibrium ordering of xj(z) and x};(z) depends on z. Specifically, xj(z) >
xii(z) if z < 2/, and x}(z) < x{5(z) if z > z/. When z < 2/, a citizen from the swing
population (i.e., x; € [x{;(z), x](z)]) attacks the regime when he receives a message
that confirms the rumor and does not attack otherwise. Intuitively, if the rumor says
the regime is weak, i.e, z < z/, confirmatory messages from peers encourage the swing
population to attack. When z > z/, the opposite is true.

To illustrate, we plot expected net payoffs P(0*(z)|z, x;, y;) — ¢ against x; for y; = 1
and y; = 0 in Figure 3. Figure 3(a) presents the case where z = z’. The net payoff
crosses zero at x; = x’ for both the case of y; = 1 and the case of y; = 0.!! Therefore
xj(z') = x};(2') = x'. Intuitively, the cut-off type citizen with x; = x’ is indifferent
between y; = 1 and y; = 0.

Swing Population
/

P(el | Zlamiayi) —-C

(b) z < 2

Figure 3. Net payoff from attacking as a function of private information x;

Figure 3(b) presents the case where z is slightly below z’. A lower value of z is a

HThe curve with y; = 1is flatter than the one with y; = 0. Citizens with low private signals, x; < «/,
consider that z’ indicates the regime is relatively stronger than they privately believe. Therefore, their
expected net payoff is also lower than when they receive a message that confirms the rumor rather than
one that casts doubt on the rumor. In other words, P(6'|2, x;,1) < P(6'|2, x;,0) when x; < x’. Similarly,
P(0'|2',x;,1) > P(0'|z/,x;,0) when x; > x.
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rumor against the regime, which, as shown in the subsection that follows, shifts up
x7 and results in x7 > x{;. The gap between x} and x{; shown in the figure indicates
the swing population. Anyone from the swing population finds that the expected net

payoff of attacking is higher than 0 when y; = 1 and is lower than 0 when y; = 0.
5.2. The Effects of Communication

In both the “communication model” and the “mute model,” at z = 2/, cut-off types
with private information x’ believe that the probability of successful revolution is c;
that is,

POz, x',1) = P(0'|Z,x") = P(¢'|Z,x',0) = c.

When the threshold regime strength 6 changes, the cut-off type £(6, z) who is indiffer-
ent between attacking and not attacking also changes. Interestingly, the sensitivity of
the cut-off type to changes in the threshold regime strength depends on the content
of the communication, with individuals who receive y; = 1 being more sensitive than
individuals who receive y; = 0, and with individuals in the “mute model” being in
between. We label this ordering the “communication effect.” Specifically Lemma 2 in
the Technical Appendix establishes that, at the point (6’,z’),

o —p(0')Z,x) 0%y —p(0'|2,x") oty _ —p(0']2',x") -0
20 J(6,2) 0 A 0 1-J(6,2) @ :
20 f 00]9121 pd@ 20 fioo%dg 20 f s ]]9/2/ pd()

(19)

Furthermore, since 0£/dz = 1 — d£/d0 at the point (¢’,z’) (see Lemma 3 in Technical

Appendix), (19) also implies
oX; 9%, _ Jdxy
FEA P 20)
Given inequality (19), (20) and the fact that dx*/dz = d£/0z +9%/06 - d6* /dz, it

is also straightforward to show that, atz = 2/,

dxj dx{}
dz dz -

This implies that x}(z) > x{;(z) for z slightly below z’, and x}(z) < x{;(z) for z slightly
above z'.

To understand equation (19), we first note that z = 6’ in this case. With a con-
firmatory message from her peer, a citizen believe that the true state 6 is more likely
to be close to z’ and less likely to be far away from z’. He therefore assigns a smaller
“weight” to those possible realizations of 0 that are further away from z’. Specifically,
conditional on receiving the message y; = 1, the relative likelihood of any two states,

say 0 and @', is given by the unconditional relative likelihood times the likelihood ratio
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for x; € [x(z'),%(z')]:

p6z,x',1) _ p(8lz,x") J(6,2)

p(0'z,x',1)  p(@|,x") J(¢,2')

Since J(6,z') reaches a peak at & = @', the likelihood ratio J(6,z')/](€’,z’) is smaller
than 1. Similarly, the message y; = 0 gives rise to the opposite weighting adjustment:
(1—17J(6,2")/(1 = ]J(¢,2")) > 1. Moreover, for each possible realization 6 < ¢’, we
have dp(6|z’, x") /9x < 0. Therefore, the following inequality is established,

¢ J(0,2") op ¢ ap ¢ 1-7J(6,7') ap
0> /_oo 1(@,2)ax 30~ /_oo ax 46> /_oo =@, 2 ax O

which immediately leads to (19).

Intuitively, compared to “mute model,” a confirmatory message (y; = 1) leads to a
more concentrated posterior density for states around 6 = z. To see this, note that there
is an interval containing z such that if 6 belongs to that interval then J(6,z)/ Prly; =
1|z, x;] > 1, and if 6 is outside that interval then J (6, z) / Pr[y; = 1|z, x;] < 1. Asaresult,
this posterior distribution is less responsive to changes in private information than its
counterpart in the “mute model.” See Figure 4 for an illustration. The same amount
of change in x shifts the density function p(-|z, x;) to the right by a greater amount
than it does to the density function p(-|z, x;, 1). In other words, a citizen who receives
y; = 1 relies less on his own private signal. That explains why £; has to change by
a larger amount than £, to balance the indifference condition, in response to changes
in regime strength threshold. The opposite is true for a citizen with message y; = 0,
which leads to a posterior density function p(-|z, x;,0), that is less concentrated around

z and is more responsive to changes in x; than is the density function p(:|z, x;).
()

— (0|2, T,y = 1)

~ - p(0z, 1,y =1)
¢ N 1

p(0|z, zq)
- — = p(0]z,x1)

Figure 4. Posterior density in the “communication model” and the “mute model.” When xo = z, both
densities are symmetric around z. When x1 > z, density distribution in the “mute model” is shifted to
the right by a greater amount than density distribution in “communication model,” for the case y = 1.

The following proposition establishes another key result: when the rumor is close
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to neutral, the equilibrium threshold regime strength is more sensitive to the rumor
under the “communication model” than under the “mute model.” In other words,
when the rumor z is against the regime and is sufficiently close to z/, a regime with
strength 0 € (0;,(z),0"(z)) would collapse if communication among citizens is al-

lowed, but would survive if it is not.

Proposition 4. Atz =z' =z,

do*(z') - doy,(z')

1 iz <0, (21)

Figures 5(a) and 5(b) present the equilibrium thresholds 6* and the equilibrium cut-
off rules x* for the four models. Around 2/, the equilibrium 6* in the “communication

model” is steeper than that in the “mute model,” as is described in Proposition 4.

0* xz*

(a) 6%, 6;,, 0,5, and 0y, (b) x7, x{}, xy, and x5

Figure 5. Equilibrium threshold regime strength and equilibrium cutoff rules in the “communication
model” in comparison to other models

The size of d8* /dz is determined by the magnitude of the direct and multiplier ef-
fects. Using the fact that £;(6’,z") = £;(0',2"), we can differentiate the attack equation
(11) to obtain:

doz) o0 (-3 -
21— Le() (“1+7%5+ - D)

where ¢(-) is evaluated at the point (x" — 0") /0y. Comparing (22) with its counterpart
(17) for the “mute model,” we obtain Proposition 4 by showing in the proof that, at the
point = 60" and z = 2/,

0% oxy X, '

]_89 +(1_I)_89 >_89 > 1; (23)
0% oXy 0%y

J5, T =D, <5, <0 (24)
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The direct effect of an increase in z on the mass of attackers is the weighted average
of 0%1/0z and 0%/ 0z, with the weights being | and 1 — ], respectively. By (24), this
effect is larger in magnitude with communication than without. The feedback effect
of an increase in threshold regime strength on the mass of attackers is determined
by the weighted average of d£;/00 and 0%;;/00. By (23), this effect is also larger in
magnitude with communication than without. These two effects combine to give a

greater sensitivity of the equilibrium regime survival threshold to the rumor.

When the true state of nature is 6 = ', the mass of attackers is equal to the equi-
librium threshold regime strength. Therefore, Proposition 4 also implies that the mass
of attackers in state & = @’ is more responsive to the rumor in the “communication
model” than in the “mute model.” A slight decrease in z from z’ leads to an increase
in the size of swing population by oy '¢(-)(dx}/dz — dxj;/dz). A fraction | of the
swing population would receive a confirmatory message from their peers and attack
the regime. The change in the mass of revolutionaries is oy 1¢(-)dx};/dz. In the “mute
model”, the increase in the mass of attackers is o '¢(-)dx},/dz. Atz = z/, we must
have

1 dx;,
+ dz] <U—x<p(-) e < 0.

1 ;o (dxp o dxg; dx;;
o0 16 (- L)

To illustrate, we plot the mass of attackers A () against the realization of regime
strength 6, holding the cut-off rules constant. Equilibrium threshold is given by the
intersection of A(6) and the 45-degree line. For values of z slightly below z/, Figure 6(a)
shows that a larger fraction of attackers are mobilized than that in the “mute model”
when the regime strength 6 is near z. Note that communication does not increase the
mass of attackers at all states. Figure 6(a) shows that communication actually lowers
the mass of attackers when 6 is far from z.

Communication among citizens reveals extra information regarding the rumor and
the underlying unknown state. Because the function J(6,z) peaks at § = z, more cit-
izens will hear a confirmatory message when the true state is near what the rumor
suggests. If the rumor suggests that the regime is weak, this mechanism causes more
people to attack when the regime is indeed weak and close to what the rumor indi-
cates. This explains why A (') is higher in the “communication model” than that in
the “mute model,” or why 6*(z) > 6;,(z) for z slightly lower than z'.

For the same reason, the ordering of 6*(z) and 6}, may be reversed for z much
below z'. This is illustrated in Figure 6(b). When the true regime strength 6 is much
higher than what the rumor z suggests, many citizens will hear that their peers do
not believe the rumor. In this case, communication coordinates citizens not to attack.

Figure 6(b) shows that the mass of attackers falls relative to that in the “mute model”
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0
(@) A(6;x},x};) and A(6;x},), whenz <z (b) A(6;x},x};) and A(6;x},), whenz << 2/

Figure 6. Mass of attackers A(0;-) in different states 0 in the “mute model” and the “communication
model”

when regime is indeed strong.
5.3. Rumors vs. Trustworthy News

In section 4, we have shown that, due to citizens’ skepticism toward rumors, the mag-
nitude of the response of 0}, to a change in z is smaller in the “mute model” than that
in the “public signal model” at z = Z. In the previous subsection, we establish that the
effect of skepticism can be, to a certain extent, reduced by communication, so that 6* is
more sensitive than 6}, is to changes in z around z’. Interestingly, when the precision
of the private signal is reasonably high, the effect of communication can be so large
that 0 in the “communication model” is more sensitive to the rumor than is its coun-
terpart 0, in the “public signal model.” In other words, even if a regime could have
survived if all agents believe that a rumor against it is trustworthy, the same regime
would collapse when citizens know that the rumor may be uninformative but they are

allowed to communicate with one another.

Figure 7 shows such a possibility. In plotting this figure, we choose a value of o2
lower than that used in Figure 5(a). When z is close to Z/, the slope of equilibrium 6* is
steeper than 6 (the monotonic decreasing dashed line) at z = Z\.

To understand this result, note that the sensitivity of 6* to a change in z around z’
is governed by the magnitude of d£/d6. With more precise private signals, citizens
in the “public signal model” would be less responsive to the public information, even
though it is fully believed to be informative. Specifically the weight given to private in-
formation in the standard linear Bayesian updating formula is . The value of 0% /90
is equal to 1/ B, which increases in 02; see the dashed line Figure 8. This explains why
0,5 becomes flatter as 02 becomes smaller. The same reason can explain why 9%, /96
increases; see the dotted line in Figure 8. The widening gap between these two reflects
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Figure 7. Comparing the “communication model” to the “public signal model” when private informa-
tion has reasonably high precision

the decline in w.

oz
00
| ai iy
20 —— +(1_J)W ,‘
. -,
....... 9&m -,
Bl ,/
—_———O%ps ,’
o6 s
e
15 I /’
7
-, cee®
7’ e °”®
2T e
-, e
7’ o
T e
P
e
1 > 2
0 0.5

Figure 8. 9% /90 evaluated at x = x" and 6 = 6’ in response to 02, when z = z'.

In the “communication model,” an increase in o2 raises both 9£;/96 and 9% /96.

However, less weight is attached to the larger value d£;/0d6 because | falls as (7,%

in-
creases. These two opposing effects account for the hump shape of Jo£;/90 + (1 —
J)o%1; /96 shown by the solid curve in Figure 8. For very small or very large values of
02, this curve is close to d%,,/90, and is always above it by equation (23) in the previ-
ous subsection. For intermediate values of 02, the effect of the changing weight | can
be so strong that the solid curve rises above d%,s/96. That is,

0xX; d0fy _ 0fps 1

](9’,z’)¥ (1_](9/’2/))W> 30 B

Using the same logic as in Proposition 3, this inequality leads to

do*(z') _ dey, (')

dz dz <0

This is the situation shown in Figure 7 when 0?2 is relatively small.

26



6. Discussion

6.1. Exchange Private Signals

To this point, we have assumed that communication takes the form of talking about
the rumor; that is, citizens communicate their views about the informativeness of the
public signal to one another. We show that such communication about publicly ob-
served rumor can make citizens more responsive to the rumor. This kind of communi-
cation is qualitatively different from communication about privately observed signals:
the former can reinforce the importance of public information while the latter always
undermines it. To stress this point, we explore an alternative communication assump-

tion, which lets citizens exchange their private information with one another.

Specifically, in this setting, citizens are randomly paired with one another to ex-
change their private signals concerning the strength of the regime. To be more general,
we allow the communication process to be noisy: each citizen receives her partner’s
private signal with an additive noise. That is, the message y; received by the citizen i
from her partner j is given by:

yi=x;+¢j,

where the noise ¢; ~ N (0, Ug) is normally distributed and independent across j. At
the end of communication stage, each citizen possesses an information set which con-
sists of the publicly observed rumor z and two private signals x; and y; of different
qualities. Given the distributional assumption of the private signals, this information
set is equivalent to (z, xy;), where xy; is a private signal with higher precision than x;.
That is,

= U§+U§x.+ 0'3% .

yl_ZO'%—l—O'g l 2(7%—1—(75%'
2., 2

o2 = ‘Tx+‘7€ 2 < 52

In other words, this setting is observationally equivalent to the “mute model,” with
private signals of higher quality. More precise private signals result in two opposing
effects for the cut-off types of citizens. First, higher signal quality leads to a higher
value of B, which means that citizens will be less responsive to public information
(given that it is informative). Second, the weight assigned to the possibility that rumor
is informative also changes. For a rumor which is neutral to the regime (i.e., z = 2),
the effect of a change in weight w is zero because the cut-off type citizen does not

care whether the rumor is informative or not. Therefore, the first effect dominates.

27



This explains why exchanging private signals makes the equilibrium threshold regime

strength less responsive with respect to the realization of the rumor.

Figure 9 presents the equilibrium threshold regime strengths in the “communica-
tion model,” the “mute model,” and the model with the modified assumption con-
cerning the exchange of private signals (labeled 6,). The same set of parameters is
used throughout these examples; the only difference being the communication proto-
col. The result highlights that the mode of communication matters: when we allow
citizens to exchange what they privately know, they rely more on the private signals;
when we allow them to exchange views on what they commonly know, they rely more

on the public information.

Figure 9. Equilibrium threshold regime strength is less response to rumors when citizens communicate
with one another about their private signals

6.2. Sentiment

We interpret the mean of the uninformative distribution as sentiment or public percep-
tion of what uninformative messages would sound like. Given that the uninformative
distribution U has a density that peaks at z = s, the weight citizens assign to the possi-
bility that the rumor is informative, w(z, x;), decreases in the relative distance between
z and s. In other words, if s is further away from z, citizens would consider the rumor
more likely to be drawn from informative source. If a rumor is close to what the pub-
lic perceives as untrustworthy information, it will be given less credibility by citizens.
Therefore, sentiment critically affects citizens” evaluation of the rumor’s informative-
ness . For example, if citizens have lived with systematic government propaganda for

a long time, any claims about its alleged strength would be considered less credible.

Suppose s = Z. We call this value “neutral sentiment,” since equilibrium 6*(z) is
symmetric around Z in this case. If s is exogenously decreased from the neutral value,
then for any z > Z, the equilibrium 6*(z) goes down, indicating that the regime is more

likely to survive. The key intuition is that when s is low, citizens believe that a rumor
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for the regime (z > 2) is likely to have come from an informative source. As a result,
they believe the regime is strong and are therefore less prepared to attack. See Figure
10 for an illustration.

0*

Figure 10. Lower value of s tends to increase the chance of regime survival

When s is low (relative to the neutral value) and when the rumor is against the
regime (z < Z), citizens tend to attribute the rumor to an uninformative source. Be-
cause they do not believe that the regime is weak, they are again less likely to attack.
As is shown in Figure 10, a low value of s tends to increase the chance of regime sur-
vival. Thus autocratic regimes that understand the importance of public perception
could increase their chances of survival by manipulating it. During the post-election
Iranian protest in 2009, the Iranian government deliberately created rumors against
itself and then disproved it on national television, which turned out to be effective in
discrediting the opposition (Esfandiari 2010).

In reality, sudden shifts in sentiment often take place during revolutions. For in-
stance, the rumor that Mubarak’s family had fled Egypt would have sounded ridicu-
lous without the previous successful Tunisian revolution, during which Ben Ali actu-
ally escaped. The fact that it was widely reported and believed during the Egyptian
unrest, was a sign of a sentiment shift. In this case, the confirmed rumor in Tunisia

shifted the sentiment upwards in Egypt and made the Egyptian regime more vulner-
able.

6.3. Censorship: The Power of Silence

Our model shows that rumors against a regime could coordinate more citizens to at-
tack, provided the rumors sound plausible. Thus autocratic governments may want to
block negative rumors against it and to stop citizens from talking about these rumors.
In reality, news censorship and the control of information flow are commonly adopted
by many governments concerned about their survival. However since silence itself is

a signal about the regime strength, it is not obvious that news censorship necessarily
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increases the chances of regime survival. Our model provides a framework that can

shed some light on this issue.

Assume that the regime blocks any rumor z if z < K. In other words, only rumors
that suggest the regime is stronger than K can be heard and discussed by citizens.
We assume that citizens are aware of this censorship rule. Therefore it is common
knowledge that z < K when citizens do not hear a rumor. In this case, citizens cannot

communicate regarding the realization z, given they do not have any knowledge of it.

When z is observable, i.e. z > K, the equilibrium is exactly the same as in our
“communication model.” When citizens hear no rumor, they understand that the
event z < K has taken place but the authority has censored the news. Taking 6. as
the threshold for regime survival, they calculate the expected payoff of revolt in a
Bayesian fashion,

[ [n0 (51) + 0 -0 (i52) | 2o () @
% [oo (55) + - (552) [ 2o (15) @t

In this case, the cut-off type citizens with private information x? must be indifferent

Pr[f < 0.z < K,x;] =

between revolt and not revolt. The mass of attackers in state 8 must be equal to the
threshold regime strength. In other words, the equilibrium pair (6, x) solves the

attack function and the associated indifference condition for all z < K:

) x?—ej — p*
Oy ¢’

Pr[6 <6|x;,z < K] =c.

The equilibrium values of 6; depends on the censorship rule K. When K is very
small, it corresponds to the case where there is no effective censorship. When K is
very high, the regime blocks all the public information, no matter it is for or against it.

Therefore, in either case, 8 converges to the value 8;,; in the “pure noise model.”

For intermediate values of the censorship rule, we find that 0 is increasing then
decreasing in K. To understand why 6 can be increasing, suppose the censorship rule
is raised from an initially low value of K to a slightly higher value K’. This means that
rumors with values in [K, K'] are now screened out. In a model with trustworthy news
only, z € [K,K'] is better news for the regime than z < K. So the expected strength
of the regime should be higher conditional on z < K’ than conditional on z < K. In
our model, however, rumors with z € [K, K’ | can be worse news for the regime than
those with z < K, because the former is deemed plausible while the latter is deemed

incredible. This explains why citizens” expectation about the strength of the regime
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conditional on hearing no news can be lower when the censorship rule is tightened.
As the expected payoff from attacking upon hearing no news rises, the equilibrium
threshold for regime survival 87 becomes higher.

The effect of censorship on the chances of regime survival depends on the compar-
ison of 0} with 0*(z) for z < K. There are two scenarios arising from this model. On
the one hand, the censorship rule can effectively lower the equilibrium threshold of
regime strength (for some values of z) and therefore contribute to the survival of the

regime. On the other hand, when private signals are sufficiently imprecise, censorship
could backfire.

Figure 11(a) provides an example of the first scenario. The effect of censorship is
represented by the difference between the dashed line for the “communication model”
and the solid line for the model with censorship. When the rumor is plausible and
effectively blocked by the regime, the censorship rule helps the regime achieve better
chance of survival by decreasing the equilibrium threshold of regime strength. When
the regime blocks a wild rumor, which would be disbelieved by most of citizens if
it has reached to all the citizens, censorship does not help the regime. However, the
censorship rule could be still worthwhile because, under the assumption that both I
and U are normal distributions, extreme rumors are less likely to be generated than

are more plausible ones.

0:(2) 0:(2)

c

A”——--\‘ ———__——-—--~ .
Ko 2 Ko 2
(a) Effective censorship (b) Censorship backfires

Figure 11. The “censorship model”

Figure 11(b) illustrates the possibility of the “backfire scenario”: when the regime
adopts censorship rule K, 67 is higher than 6*(z) for all z < K. This means that the
regime is worse off by adopting censorship. In the “communication model”, citizens
can observe and discuss the rumor they hear. When the rumor is too extreme (i.e.,
far below the equilibrium threshold 6*(z)), communication discourages citizens from
attacking and mobilizes fewer attackers than in the “mute model” if 6 is near 6*(z),

as we analyze in subsection 5.2. Shutting out the rumor by censorship also shuts out
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this communication effect. Each citizen would then have to make inference from the
absence of rumors without the help of what would otherwise be mostly contradictory
messages from their peers. In some cases, silence can be more dangerous to the regime

than negative but discredited rumors.

7. Conclusion

It is not news that revolutions in history are often intertwined with rumors. It is also
not surprising that many rumors are intended to spur individual’s participation. How-
ever, what strikes us is why those rumors, which often turned out to be false later,
could be so effective for mobilization. In this paper, we offer an analysis of this phe-
nomenon in a global game framework. In this model, individuals’ skepticism towards
rumors arises as a rational response, instead of a behavioral assumption. Moreover,
we explicate a novel communication mechanism, where the effect of agents’ skepti-
cism can be undone by communication among themselves. When the negative ru-
mor is close to true state of nature, communication on the informativeness of rumors
coordinates more citizens than when communication is not allowed. Extensions of
our model shed lights on effects of the regime’s information manipulation of various

forms.

To the best of our knowledge, our model is the first attempt to explicitly investigate
the role of rumors in a regime change game. In this paper, we choose not to address
how rumors spread across individuals during revolutions. We leave this interesting
topic to future work. Moreover, this paper provides a framework using mixture distri-
butions to study the transmission of unreliable information between agents engaged
in collective actions. Such a framework may be useful in other applications. Our the-
ory is interpreted in the context of political revolution, but it can also be extended to

model rumors in bank runs, financial crises or currency attacks.
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Appendix
Proof of Proposition 1. In the “pure noise model,” the indifference condition for the

1) 9:15_"(;15 —c
Oy !

while attack equation for the threshold regime strength 0, ; satisfies

@ <—x3“; 9’25) = Oy
X

cut-off type x;,; satisfies

Solving these two equations gives the equilibrium values of 6,,; and x;,; as stated in

the proposition.

In the “public signal model,” let X, = Bxy, + (1 — B)z denote the posterior mean
of 6 for the cut-off type x,;. The posterior variance is Bo2. The indifference condition
and the attack equation can be written, respectively, as:

oK) _ 25
W =, ( )
X*s - 9;5

® (—> — 6:,. (26)

Ox

Eliminate x,; from these two equations to get

Ors — ) ffxﬁ)@—l(e;;s) = —(ﬁag)cb_l(c) +z. (27)

Condition (1) implies that the left-hand-side of the above is decreasing in 9;;5. Since

the right-hand-side is increasing in z, we have df,;/dz < 0. From the indifference

condition and the definition of X*., we have

ps’

d6;,  dx;
& Fa (1-p=0

Hence dx;S /dz < 0. This establishes part (1).

Taking limit of equation (27) gives lim;,« 05,(z) = 0. The attack equation then

implies lim; 0 x};(z) = —oo. This establishes part (2a). Part (2b) is obtained analo-

gously.

Finally, since lim; o 05,(z) < 05, < lim;—,_« 0,,(z), and since 6,(z) is strictly
decreasing, there exists a unique Z such that 0, (2) = 0;,;. From the attack equations in

*

ek
ps — Xms:

the “pure noise model” and in the “public signal model,” 8,,; = 0;,; implies x
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Hence, x,,(2) = x;,,. This establishes part (3). n

Proof of Proposition 2. Part (1). Since (0}, x},;) satisfies the indifference condition of

the “pure noise model,” we have

1) 9;;15 _xjns —c
Oy '

By part (3) of Proposition 1, (6}, x;,s) also satisfies the indifference condition of the

“public signal model” when z = Z. Therefore,

V/Box

The posterior belief P(6;5|Z, x;;,s) in the “mute model” is just the weighted average of

o (e — (B + (1 - ﬁ)f)) .

the left-hand-side of the two equations above. Hence P(0;|Z, x;;,s) = c¢. Furthermore,

(05, X35 ) satisfies the attack equation, ® (0 (xfs — 055)) = 05. Therefore, it is an

equilibrium in the “mute model” for z = Z.

Part (2). We first show that if z < Z, then 6;,(z) < 0;,(z). From the attack equation
(15), we can write ® (0} Lo: — x3)) = 1—6;,. Therefore, the indifference condition

(14) of the “mute model” can be written as:

0 — (Bxy + (1 - B)z)

V/pox

From the indifference condition of the “public signal model” and from the fact that

c=w(z,x;,)P ( > + (1 —w(z,x5,))(1—06;). (28)

*
1—0;,; = ¢, we also have

9;5 - (ﬁx;s + (1 - 5)2)

v/ Box

These two equations, together with the fact that 6,; > 0;,; when z < Z, imply

c=w(z, x;,)P < ) + (1 —w(z,x;))(1—6,).

w(z, x5 ) D (q(f’:")\;ﬁ(;x_ 5)Z> (1 —w(z,x)) (1 — )

> w(z, x,,)P (q(Q;S)\;E(;x_ p)z

> + (1 —w(zx,)) (1 = 0),

where
g(0*) = 0* — Bx* = 0% — B(0* + o @ 1(6%)),

because the equilibrium x* in both the “mute model” and the “public signal model”
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must satisfy the attack equation. To show 60, < 0, from the above inequality, it suf-
fices to show that dq(0*)/dé* < 0. We have

dg(6* x
R S T

which is negative by assumption (1). Hence 8, < 6, when z < z.

To establish part (2a), we also need to show that 6;,(z) > 65, if z < Z. Suppose this
is not true. Then1 —0;, > 1 — 85, = c. Therefore equation (28) implies

O~ (Bx+ (1=P)2) | _ . _ o (B = (B + (1= p)2)
(B e (M)

where the equality follows because (0, X;,s) satisfies the indifference condition of the

“public signal model” at z = Z. From the above inequality, we obtain

q(05) —q(0s) < (1—B)(z—2) <O0.

Since dg(6*)/d6* < 0, this inequality implies 6}, > 6., a contradiction. Thus, when
z < z, we must have 6;,(z) € (6}, 0;5(z)). The proof of part (2b) is symmetric.

Part (3). Combine equations (14) and (15) to get

O = (1—c)+

o (9;; — [pxy + (1 —ﬁ)Z]> _C] _w(z )
VB 1= w(z,xj)’

As z goes to infinity, x},(z) must remain finite, otherwise it would violate equation

(15). For any finite x;;,, lim, . w(z, x};,) = 0. Therefore,

Zlggoef,}(z) =1—c=06,,.

A similar argument establishes that lim,_, _ 0;,(z) = 6;;.

Part (4). We show that (a) 6;,(z) is increasing then decreasing for z € (—oo, Z]; and
(b) 6;,(z) is decreasing then increasing for z € [Z, 00).

Fix a zg € (—o0,Z]. Define

f(z) = P(65,(20) 2, x5 (20))

z € (—o0,Z]. We show that f is single-peaked in z. It suffices to verify that df(z)/dz =
0 implies d?f(z) /dz? < 0. To simplify the notation, let ®; represent the standard nor-
mal distribution evaluated at the point (6},(z9) — Bx},(z0) — (1 — B)z)/(1/Box), and
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let @y represent the standard normal distribution evaluated at the point (6;,(zo) —
x5, (z0))/0x. Note that ®; depends on z but ®; does not. Define ¢; and ¢y; analo-
gously. We have

df(z) ow oD,

I CRRC =

B o [ x5 (z0) — 2z Py 1-B¢r "
_[(1 )<‘7%[ + -2 )(1 CDI) \/B(qu)I] D;.

g, (Z‘S . %l ) (1)

wd; dz?

B (1—5) d (¢1/®r)
ox\/B

(i) The first term is negative because ®; > Py for z < Z. To see this, suppose the
contrary is true. Then ®; < ®; implies

0;.(20) + /By (z0) < (14 /B)z.

But for zg < Z the left-hand-side is greater than 6}, + \/Bx},,, which is equal to
(1+ +/B)Z, a contradiction. (ii) The second term is negative because ¢, > 07 from as-
sumption (2). (iii) The third term is negative because (z —s) /0 + (x},(z0) —z) /0% > 0
whenever df(z)/dz = 0 and because 1 — ®y; /Py is decreasing in z. (iv) The fourth
term is negative because the function ¢;/®j is increasing in z.

The single-peakedness of f(z) for z € (—oo, Z] implies that in this range there can be
at most one z1 # zg such that 6;,(z1) = 6;;,(z0). Suppose otherwise. Let z1 # z, # z
be such that 60},(z1) = 0;,(z2) = 6;,(z0). By the attack equation (15), this implies
x5 (z1) = x5,(z2) = x;,(z0). Since the pair (6;;,(z0), x5, (z0)) satisfy the equilibrium
conditions for z € {z1, 25,20}, the equation f(z) = ¢ has at least three solutions, which
contradicts the single-peakedness of f.

Parts (1), (2a), and (3) of the proposition, coupled with the fact that there is at most
one z1 # zg such that 0},(z1) = 6;,(2p), together establish that 6}, (z) is increasing then
decreasing for z € (—oo, Z].
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For the case z € [Z, o), write:

df(z) z—s xh(z0)—z 1-® 1-8 ¢
dz_lu—m<aﬁ+ % :)@_5?4>—¢%ﬂ_gjwu—@)

We can show that the bracketed term is increasing when it is equal to zero, because

®; < Oy when z > Z and because ¢;/ (1 — @j) is decreasing in z. Hence f(z) must be
decreasing then increasing in z in this range, which, together with parts (1), (2b), and
(3) of the proposition, imply that 6}, (z) is decreasing then increasing forz € [Z,00). =

Proof of Proposition 3. Part (1). We only prove the limiting properties of x};(z) and
6*(z) here. The limiting properties of xj(z) is characterized in Lemma 1 in the Techni-

cal Appendix.
Consider the following equation system:

0
lim p(tlz,x)dt =¢,

720 | _o
@(x_9>:9.
Ox

We note that, by Proposition 2, (0}, x},s) is the unique solution to this system.

Consider the “communication model” now. Suppose the limit values of both x;(z)
and 0*(z) are finite. The indifference condition (10) in “communication model” implies

, T 1—J(t,2) . B
lim [ o Pt dt =

By Lemma 1 (Claim 1) in the Technical Appendix, both x(z) and ¥(z) go to infinity as

z goes to infinity. Therefore, for any t < 6%, the probability that x; does not belong to
[x(z),%(z)] goes to one. We thus have

_ 1—J(t,z)
zh—>nolo Prly; = 0[z,x};]

Therefore indifference condition (10) for the “communication model” becomes,

9*
lim p(t|z, x(;) dt = c.

z—00 | _oo

When z goes to infinity, (6, z) goes to zero. Therefore the attack equation (11) for
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the “communication model” becomes,

im (6%, 2)0 (1) (- je e (L) —o (L0 o

Z—00 X Ox Ox

Given (6%, x{;) solves the same equation system as that in the “pure noise model,”
we conclude that lim,_,. x{;(z) = ¥}, and lim, . 0*(z) = 0;,5. The proof of the case

for the limit as z goes to minus infinity is analogous.

Part (2). From part (1), x}(z) > x{;(z) for z sufficiently small and x}(z) < x;(z) for
z sufficiently large. Both x}(z) and x};(z) are continuous. Therefore there exists a z’
such that x7(z') = x};(2').

Let6*(z') = 0’ and x}(2') = x{;(2’) = x’. We proceed to establish that (¢’, x”) solves
the “mute model” as well. To see this, we first note that x7 = x{; implies that the mass
of the swing population is zero. Hence, the attack equation (11) of the “communication

model” reduces to the attack equation (15) of the “mute model.” Next, note that for

any value of z/, x" and ¢/, we have
P(0'|,x') = Prly; = 1|2/, x'|P(0'|Z/, %/, 1) + Pr[y; = 0|2/, x'|P(¢'|Z/, x',0).

Therefore, if z/, x/, and @’ satisfy the indifference conditions P(6’|z/,x’,1) = ¢ and
P(0'|Z/,x',0) = c in the “communication model,” then they must satisfy the indiffer-

ence condition P(0'|z/, x") = ¢ in the “mute model” as well.

Part (3). Let 607,(2) = § and x7,(2) = %. We need to show that (9, &

, ¥) solves the
“communication model” at z = Z. To this end, it suffices to show that P(8|z, %,1) = c.

Given that (8, %) solves the “mute model” at z = 2, we have P(f|z, %) = c. These two
conditions would imply that P(f|Z, %,0) = c. Hence the indifference condition (10) for
the “communication model” is satisfied. Given that x}(Z) = x{;(£) = %, the attack
equation (11) holds as well.

The indifference condition P(|z, #,1) = c can be rewritten as follows,
w(Ty —cTh) + (1 —w)(T3 —cTy) =0,

where Ty = Pr[0 < ,y; = 1|x},2z,z ~ 1], T, = Pr[y; = 1|x},z,z ~ I], T3 = Pr[f <
0,y = 1|x7], and Ty = Pr[y; = 1|x]]. Specifically,

lefem](t,z)\/%ax¢ (t_f;éix_ﬁ)z> dt.
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Z. Therefore, using the substitution t' =t — 6, we obtain

0 I & =~ 1 t' /
Ty :/m](t +2,2) \/Baxcp (\/B0x> dr'.

Both J(#' + 2,2) and ¢(t'/ (/Box)) are symmetric about the point ¢’ = 0. Therefore,

1 t/
Tl —05/ —|-Z Z dt/:0.5T2.
VB! (ﬁf&)
This shows that T; — ¢T, = 0 when ¢ = 0.5. Similarly,

T3 :/Gm](t,i) (P< ) dt_05/ —|—Z Z l(l) (t—/) dt/ 205T4

_ Ox Ox

This shows that T3 — ¢T, = 0 when ¢ = 0.5. Thus, we have P(f|z,%,1) = c. u

Proof of Proposition 4. Write the relevant indifference conditions in the following form
Tm(0,z,x) = P(0|z,x) —c =0,

0
11(0,2,x) = / J(t,z)p(t|z,x)dt — cPrly; = 1|z,x] =0,

0
76,2, %) = /_oo(1 ~J(t,2))p(tz, x) At — ¢(1 — Prly; = 1]z,x]) = 0.

From the proof of Lemma 3 (Claim 2) in the Technical Appendix, we have

8'(1 0Ty,

Ix =] 50 ox D,

aTU / aTm

S = (- @,2) 52 +D,

where D < 0.

Let p denote p(6’|z/,x") and let Py denote oP(6’'|Z/, x") /0x. With the implicit func-
tion theorem, we obtain:

X  —Jp

%~ Jp.—D
oy —(1-])p

0  (1-])Py+D >0,
0
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A direct calculation gives:

0R; Ry O0%m —pD?
50 0% ~ e ~ P(JPy —D)((1—J])P; + D) > 0.

This establishes the first inequality of (23). Moreover, since

Py= —pt(1—B)up (%) <0,

we have 0%, /96 > 1. This establishes the second inequality of (23).

The inequality (24) follows from (23) and from Lemma 3, which shows that

0% %y _ 9fw  %w _ 0fu  Ofu _

2 T 90 9z T a8 oz o0

Finally, inequalities (24) and (23), together with the comparison of the decomposi-
tion equation (17) of the “mute model” and the corresponding decomposition equation

(22) of the “communication model,” establish the proposition. n
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Technical Appendix

(Not intended for publication)

Lemma 1. In the “communication model,” lim,_, _ x}(z) = +o0 and lim,_. x}(z) =

—00.

Proof. We only prove the first part of the proposition; the proof of the second part is

similar.
Claim 1. (a) lim,—,_o x(2) /2 = 1+ 07 /0y; and (b) lim,—, _ o X(2) /2 =1 — 07/ 0.

Recall that X(z) is the larger solution to w(z, x) = §, where w is given by equation

(4). Solving this equation gives

[7'2 0-25 1 A

I 2 2 I ( ) _

=z 4+ — — -2 1 =

X(Z) z 5 (Z S) 0’1 Og 2( ) z+ K(Z)

Since lim,_,o k(2)/z = 07/ 0y, this establishes part (a). Part (b) also follows because
x(z) =z —«x(2).

Claim 2. For any threshold value of 6,

P(§|z,x7,yi =1) > min {P(é]z, xj,yi=1,z~ I),P(é]xf,y,' =1)}.

Let Ty = Pr[f < é,yi = 1|x},z,z ~ I| and T, = Prly; = 1|x},z,z ~ I]. Similarly, let
T3 = Pr[0 < 8,y; = 1|x}] and Ty = Pr[y; = 1|x}]. Using the weight function w, we can
write,
A wTh + (1 —w)Ts
P(6 1) = .
(0]zx7,1) wT + (1 —w)Ty
Note that T;/T, > Ts/Ty implies P(f|z,x%,1) > T3/Ty, and Ty/T, < T3/Ty im-
plies P(8|z,x},1) T;/T,. By the definition of conditional probability, T1/T, =
P(é]z,x}‘,yi =l,z~1)and T3/ Ty = P(@]xf,y,- = 1). Therefore, the claim follows.

>
>

Claim 3. For any finite x] and finite 0, lim,_ oo P(é|z,x}<,yi =1l,z~1)=1.

Consider the complementary probability,

00 1 t—z—pB(x]—2)
1) e ()

X(z)—z—B(xj—2) | _ x(z)-z-p(xi-2) |
CD( 1+pox > CD( VA+pox >

Pr[0 > 0|z, x},yi =1,z ~ I =
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Since J(t,z) is decreasing in t for t > z, we have

lim Pr[d >0|z,x},y; =1,z ~ 1] < lim

A, T g (B | g (Rl
/1_|_’ng \/14—,3(735

Note that lim,, «(X(z) —z — B(x —z))/z = B — 07/0y. There are two cases to
consider. If B —o7/0y < 0, then the denominator of the above term does not van-
ish as z goes to minus infinity, while the numerator goes to zero. So the limit of
the ratio is 0. If p — o7/0y > 0 then both denominator and numerator vanishes.
However, J(8,z) goes to 0 at the rate at which (¥(z) — ) /0y goes to minus infinity,
which is equal to (1 — o7/0y;)/0x. The denominator goes to 0 at the rate at which
(X(z) —z — B(x — 2))/ (/1 + Box) goes to minus infinity, which is

B—o1/ou < 1—o/ou

\/1+130-x UX

Hence, in both cases,
lim J(6,2)
T x(z)—z—B(xj—z) | o x(z) —z—B(x] —2)
v/ 14Boy v/ 14-Boy

This implies that lim, , P(é]z,x?,yi =1lz~1)=1

= 0.

Claim 4. For any finite x} and finite , lim,_, _c P(8]x},y; = 1) = 1.

Consider limit of the complementary probability,

lim Pr[8 > d|x},y; = 1] = lim

2. o (L) —o (L)
J(6,2) (1@ (2
< Zl_i)l’_noo x(zz)f}‘ ( xzz))zf )
cp( V20 >_CD< V20 )

Note that J(8,z) goes to 0 at the rate (1 — 07/0y;) /0, while the denominator goes to
0 at the slower rate of (1 — 07/0y;)/(v/20y). Hence the limit of the ratio is 0, and we
have lim,,_o P(9]x},y; = 1) = 1.

Claim 5. lim,_, _« x}(z) is not finite.

44



If x7(z) is finite, by Claims 2 to 4 above, we have

lim P(f|z,x},y;=1)=1>¢,

Z——00

for any finite . We know from part (1) of Proposition 3 that lim, ,  6*(z) is finite.
Therefore the indifference condition (9) cannot hold for any finite x7.

Claim 6. lim,_,_« x7(2) is not equal to minus infinity.

Suppose to the contrary that lim,_,_ x}(z)/z = 7 > 0. First, consider

- 6 (1-o (LA
ot )

The term J (6, z) goes to 0 at the rate (1 — o7/0y;) /0y If 1 — 07 /077 > 7y, the denominator

lim Pr
Z—r—00

goes to 0 at the rate
1-2—y 1-24
<

ou ou
\/Ea—x (Tx

Therefore the ratio goes to 0 as z goes to minus infinity. If 1 — o7/0y < 7, the denom-

inator does not vanish. So the ratio again goes to zero. Similar reasoning establishes
that lim,_,_ Pr[0 > 8|z, x%,y; = 1,z ~ I] = 0. By Claim 2, we therefore have

lim P(8)z,x},1) =1>¢

Z—r—o0
if lim,_, o x}(z) = —oco. Again this contradicts the indifference condition (9) for equi-
librium.
Claims 5 and 6 together imply that lim,_, . x}(z) = 4. n

Lemma 2. Atz =z = Zand 0 = @', the cut-off types who are indifferent between
attacking and not attacking satisfy:

98] 0% 9%y

20~ 90 ~ a8 °

Proof. We proceed in a number of steps.
Claim 1. Prly; = 1|z, x;] is increasing in x; for x; < z and decreasing in x; for x; > z.

Using the definition of T and Ty in the proof of Claim 2 in Lemma 1, we have
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Prly; = 1|z, x;] = wT, + wT;. Take derivative with respect to x; to get:

oPrly; = 1|z, x;] B

. NECE ANNEFOE:

0x; \/max \/mgx \/mo'x
1 X(z) — x; x(z) — x; ow .
- _w)\/iax [(P( V20, ) _(P( V20, )} o P2

where

x(z) — X; x(z) — X; <7(Z) - Xi) (K(Z) - xi)
FBzx)=®| L=l —p |22 ) (22 o (2220
nam =0 (T2 ) o (S o (5 Vi,
and X; = Bx; + (1 — B)z. It is straightforward to show that F(B, z, x;) is decreasing in
B, with F(1,z,x;) = 0. Thus, F(B,z,x;) > 0 for p < 1. Since X(z) 4+ x(z) = 2z, the first
two terms are positive if x; < z. Since dw/dx; > 0 for x; < z, the third term is positive

as well. Therefore, the derivative is positive. If x; > z, then the opposite is true.

Claim 2. When ¢ = 0.5,

8321(9’,2’) (6’|z’ x') and oxy(0,2)) —p(0'|Z/,x")
a 02" x' o 6,z') ap(0|z' ' )
W P o P St e

When ¢ = 0.5, the value of x’ that satisfies P(6’|z/,x',1) = cis x’ = 2. By Claim 1,
dPrly; = 1|2/, x'] /9x; = 0 at this point. Since

7 16,2)p(8]2, x') o
Prly; = 1|2/, x'] ’

P17, x',1) =

the claim follows by the implicit function theorem. The expression for dxy; /96 is de-

rived in a similar fashion.

Claim 3. When ¢ = 0.5,

0 J(0,7") ap(8|,x") o 9p(0|z/, x") O 1—7(0,7") ap(0)2',x")
o J(0',2") dx dé > /—oo ox d6 > /—oo 1—J(6',2") dx do.

Using integration-by-parts, the expression on the left-hand-side can be written as

P07, x) 1 /9' 9J(6,2') 0P (6|2, x") 46
) .

ox J(0,2') )0 06 dx

The function J(6,z’) is increasing in 0 for all § < z’. When ¢ = 0.5, 8/ = z’. There-
fore ] /96 > 0 for § < 6'. Furthermore, since an increase in x leads to a first-order
stochastic increase in the posterior distribution of 6, we have 0P /dx < 0 for all 6. Thus,
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the first inequality of the claim follows. The second inequality can be established in a

similar way.

Since x’ satisfies the indifference condition P(6'|z’, x") = ¢ of the “mute model,” by

the implicit function theorem we obtain:

0%, (0',2')  —p(0']Z,x)
00 e ap(Ga\z’,x’) dg'
X

—00

The ranking of the partial derivatives in the lemma then follows by Claims 2 and 3.

Finally, since P(6|z, x,0) increases in 6 and decreases in x, we have d£(;/96 > 0. u

Lemma3. Atz=z =Zand 6 =96,

9%, 9% 9t 0%tw 0%y  u
2t " T T 9 T !

Proof. Write the relevant indifference conditions in the following form:

Tu(6,2z,x) = P(0|z,x) —c =0,

17(0,2,x) = /9 J(t,z)p(t|z,x)dt — cPrly; = 1|z,x] =0,

(0,z,x) = /9 (1—J(t,2))p(t|z,x)dt —c(1 — Prly; = 1|z,x]) = 0.

We prove the lemma in a number of steps.
Claim1l. Atz=7z =2and 0 =60, 0%,,/0z + 0%,,/ 90 = 1.

In the “mute model,” We have
oty (0,2, x) 1-p o — X' ow o — X' (9’—x’>
IV 2,X) g + %22 ) —o
0z \/EUX(P v/ Box 0z v/ Box Ox
B (X
V/Box VBox )’
where the last equality follows because X' = px’ 4 (1 — B)z’ = x’. Similarly,

E)Tm(Q’,z’,x’)__ B o — X' a1 0 — x'
e () 0 ()
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It is straightforward to see that at the point (¢/,2/, x"),

0Ty, n 0Ty _BTm
0z oax 90’

The claim then follows by the implicit function theorem.

Claim2. Atz=z' =Zand 9 =0,
ot ., 0P(0'|Z, %)
o 0T P

oty _ 3 ~\OP(0Z, x") '

with D < 0.

First, note that d Pr[y; = 1|2/, x']/dx = 0 by Claim 1 of Lemma 2. Rewrite 7; using

integration-by-parts and then take derivative with respect to x to get

de.

b_ /9' 8]92 oP(0|,x")
0x

This term is negative because 9] /90 > 0 for 6 < 6’ and dP/dx < 0. The derivation of

071y /9dx follows the same lines.

Claim3. Atz=2z' =Zand 0 =6,

oty .. 0P(0'|Z,x')
g - ](9 1 Z ) oz + Q/
Ity aP(0'|z/, x")

5 (1- ](elrzl))T' - Q.
where Q = D.

We can write
171(0,2,x) = w(Ty — cTr) + (1 — w) (T3 — cTy).

Therefore,
or(¢,2/,x") 0 d
T = WE(Tl — CTQ) —+ (1 — W)g(T:} — CT4),
with a term involving dw/ 0z that vanishes because, from the proof of part (3) of Propo-

sition 3, Ty — cTp = T3 — ¢Ty = 0 at the point (¢/,2/, ") if 2/ = Z.
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Consider the derivative of the term Ty — cT».

l a(P (t_—)((r/) ! / !
E(Tl—cn):/G I(t,2)— Vs dt+/9 9J(,7) 1 ¢<t—x) N

oz . ) VB 0z — 0z /B0y v/ Box
| E£+8 o [(FEL=X ~E+5p o (2L =X
1+ Boy 1+ Box 1+ Boy 1+ Boy
Use integration-by-parts on the first term to get
d 1., , 0P(#'|Z, X))
a2\~ cT) = o]0, =)= —

o' oJ(t,z")  9J(t,2) 1 t— X'
+/°° ((1_ﬁ) 00 oz ) \/Bax4) <\/Ecrx> at

EHP (FR X —EAp (x(z)-X
V14 Boy" \ /1 + Boy V1+Bo \J/T+Box )|’

From this, we obtain:

A )
2 ety = %](9’,%)—81)(9 Z.x)

0z 0z B
L EFP (7(z’)—xf)q> o — XHEEE)
1+ Box 1+ Boy /%Ux
_ —%Jrﬁq)(z(Z’)—X’)q) o —
JI+Box’ \ T+ Box o
_ & +B x(z)-X"\ ~E 4B [(x(z)-X
Vit \VItpo) Vit por \VI o

1., , 0P(¢'|Z,x))
B w]((),z) 0z

LB (T -x
Vit pen \ YT+ o

49

=l

o — X'+Bx(z) o — X'+Bx(2)
¢( —mr>¢( s
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where the second equality uses the fact that z’ = 8’ = X’ and ¢ = 0.5. Similarly,

d 1+ /¥y —« g — XHxE)
— (T3 — cTy) = —4= ( ><I> -2
aZ( ° 4) \/E(Tx ? \/EO'x ( 1

20x

-, (e o - T
\/Eo'x \/Eo'x \/%Ux
1+ %(P <7(z’) - x’) 1= %(P (g(z’) — x'>
\/Eax \/E(Tx \/Ea'x \/Eo'x
o 0 — x/+/32§(z’) e 9 _ x’+,521(z’) |
%Ux \/;(Tx

Combining the two terms, and noting that

o — X'+Bx(2') o — X'+Bx(2')
ol P | _o| P

6’—% 9/_%
N [ S I (S R

we obtain d17/dz = JoP/dz + D. Moreover, since 1y = T, — Ty, this implies d1y;/0z =
(1-7J)oP/dz— D.

—C

“ 7t ()

Q- wp p x(Z) - X
1+ Boy 1+ Boy

=D,

Claims 2 and 3 imply that

ot oty . (oP(0'|Z,x")  oP(¢'|Z,x)
o oz J ( dx + 0z '

From Claim 1, the term in parenthesis is equal to —p(6’|z’,x"). Therefore, 07;/0x +
071/ 0z = —dT;/00. By the implicit function theorem, the lemma follows. [ ]
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