Identification and Inference with Many Invalid Instruments*

Michal Kolesar® Raj Chetty! John Friedman?® Edward Glaeser
Guido W. Imbens|!

July 2011

Abstract

We analyze linear models with a single endogenous regressor in the presence of many in-
strumental variables. Generalizing the setting typically studied in this literature we allow the
number of exogenous regressors to increase with the sample size, and we allow the instruments
to have direct effects on the outcome. The setup leads to novel identification strategies and
we develop new estimators to exploit those strategies. If the number of exogenous regressors
increases with the sample size but all instruments are valid, liml remains consistent. The jive
and btsls estimators need to be modified to maintain consistency. If we allow for direct effects of
the instruments on the outcome, but assume that the expectation of the product of these effects
and the effects of the instruments on the endogenous regressor average is zero, the modified jive
and btsls estimators remain consistent but liml is no longer consistent. We argue in the context
of two specific examples with a group structure that the key condition that the expectation of
product of the direct effects of the instrument on the outcome and the effects of the instru-
ment on the endogenous regressor is zero has substantive content. Furthermore, in one of the
examples we consider weaker conditions where the average (over the instruments) of the direct
effect of the instruments on the outcome is zero, or where the correlation of the direct effects
on outcome and endogenous variable is zero.
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1 Introduction

We analyze linear models with a single endogenous regressor in the presence of instrumental vari-
ables. Following Kunitomo (1980), Morimune (1983), Bekker (1994), Hahn (2002), Chamberlain
and Imbens (2004), Chao and Swanson (2005), Hansen, Hausman and Newey (2008), and Ander-
son, Kunitomo, and Matsushita (2010), we focus on the case with many instrumental variables.
Each instrument is weak in the Staiger-Stock (1997) sense, but collectively the instruments have
substantial predictive power. This case has generated a considerable amount of attention, especially
following the empirical study by Angrist and Krueger (1991, AK from hereon). Morimune (1983)
and Bekker (1994) showed that the two-stage-least-squares (tsls) estimator is inconsistent under a
sequence of parametrizations where the number of instruments increases proportional to the sam-
ple size, whereas the limited-information-maximum-likelihood (liml) estimator remains consistent
and efficient in that setting, as shown by Chioda and Jansson (2009) and Anderson, Kunitomo
and Matsuhita (2010). Additional estimators that have been shown to be consistent under such
asymptotic sequences include a bias-corrected-two-stage-least-squares (btsls) estimator (Newey and
Donald, 2001), and the jackknive-instrumental-variables-estimator (jive) (Phillips and Hale, 1977;
Angrist, Imbens and Krueger, 1999).

In the current paper we build on this literature. We consider generalizations of the settings
typically studied in the many-instrument literature. In these new settings the estimators that
are consistent in the standard many-instrument setting now differ in their probability limits and
in particular it is no longer true that the liml estimator is generally the preferred choice. We
derive novel identification strategies and develop new estimators that exploit these identification
strategies.

Our first result generalizes the current large sample results by allowing not only the number of
instruments, but also the number of exogenous regressors to increase with the sample size. The
motivation for this extension is that in many applications the number of exogenous variables is
of the same order as the number of instruments. For example, in the AK study most of the
instruments are generated by interacting a small number of basic instruments with a large number
of exogenous regressors so that the number of instruments and exogenous covariates is of the same
order of magnitude. In one of the analyses in the Chetty, Friedman, Hilger, Saez, Schanzenbach, and
Yagan (2011, CFHSSY from hereon) study the instruments are classroom indicators and exogenous
variables include school indicators so that again the number of instruments and exogenous regressors
is of the same order of magnitude. We show that the liml estimator remains consistent in the
presence of many exogenous regressors, although its standard error needs to be modified. The btsls
and jive estimators require some modification in order to to maintain consistency.

Next, in our main contribution, we extend the many-instruments literature by considering forms
of misspecification where each instrument potentially has a direct effect on the outcome. In that
case liml loses consistency. However, as long as the correlation between the direct effect of the
instrument and the strength of that instrument is zero, then our proposed modified btsls and
jive estimators remain consistent. The intuition is that the liml estimator attempts to impose
proportionality of all the reduced form coefficients, whereas the other, tsls-like, estimators can be
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interpreted as instrumental variables estimators with a single, constructed, instrument.

We then study in detail two leading cases that motivate the set up and illustrate the range and
applicability of the identifying assumption that the direct effects of the instrument on the outcome
and the effect of the instrument on the endogenous regressor are uncorrelated. Both cases have a
clustering structure where the population can be partitioned into subpopulations. As is common in
clustering settings, asymptotic approximations are based on the number of subpopulations growing
with the sample size while the number of sampled units from each subpopulation remains fixed.

The first of the two special cases arises when the instruments are indicators for membership in a
subpopulation. This case is motivated by the CFHSSY study that uses an indicator for (randomly
assigned) classroom as an instrument for test scores in an analysis of the effect of test scores on
long term outcomes using individuals who participated in the Project Star Experiment. In this
setting the assumption that the direct effect of the instrument on the outcome is uncorrelated with
the strength of the instrument is sufficient for identification. This assumption can be motivated
by taking a clustering perspective where the clusters correspond to the classrooms. Under that
assumption liml is not consistent, but the jive and btsls estimators are. In this case jive takes on
a particularly intuitive form where the outcome for unit ¢ is regressed on the average value of the
endogenous regressor for all units in that cluster other than unit 7.

In the second case there is a small number of basic instruments. These basic instruments are in-
teracted with indicators for subpopulation membership to generate a large number of instruments.
Here the number of exogenous regressors (indicators for subpopulation membership) increases pro-
portional to the number of instruments. This case is motivated by the AK study where the basic
instruments, four quarter of birth indicators, are interacted with year and state of birth indicators
to generate additional instruments. Our discussion suggests new identification strategies for this
setting. In the first of these identification strategies the average effect of the instruments on the
outcome is zero, even though every single instrument is invalid on its own. In the second identifica-
tion strategy the basic instrument is allowed to have an unrestricted direct effect on the outcome,
and only the interactions between the basic instrument and the group indicators satisfy exclusion
restrictions.

The rest of the paper is organized as follows. In Section 2 we introduce the set up and the
notation. In Section 3 we introduce the estimators whose large sample properties we study in this
paper. In the next section, Section 4 we present the results for many exogenous variables. In
Section 5 we discuss the general results allowing for misspecification. In Section 6 we discuss in
detail two leading cases with a clustering structure. We apply the methods developed in this paper
to the data analyzed by AK in Section 7. Section 8 concludes.

2 Setup

The equation of interest relates a scalar outcome Y;, for ¢ = 1,...,N, and N = 1,2,... to a
potentially endogenous scalar regressor X; and a vector of exogenous covariates W; of dimension
LNZ

Yi = XiB+Wé + e, (2.1)



The second equation relates the endogenous regressor X; to the exogenous regressors W; and the

vector of instruments Z; with dimension Ky:
X; = Zl{ﬂ'lg + Wi/7T22 + v;. (2.2)

We maintain the assumption that the pairs of structural errors (e;,v;) are independent for

i=1,..., N, and that
€ €; 0 € €; !
1 Z;,, W, E = , E =>.
V; V; 0 V; V;

This is a fairly standard instrumental variables set up, with the only modification that we index

the number of exogenous covariates, Ly, by the sample size. To be precise we should index the
random variables and parameter by the sample size N: because the number of instruments and
the number of exogenous variables changes with the sample size, the distribution of some of the
random variable also changes with the sample size. For ease of notation we drop this index.

We also consider a more fundamental generalization of the conventional outcome equation by
allowing the instruments to have a direct effect on the outcome:

Y= X8+ W/ + Zlv +e. (2.3)

Allowing for such direct effects calls into question the identification of 8. We will consider assump-
tions restricting the values of v that ensure identification.

In the remainder of this section we introduce some additional notation. Let Y be the N-
component vector with ¢th element Y;, X the N-component vector with ith element X;, € the
N-component vector with i¢th element ¢;, ¥ the N-component vector with ith element v;, W the
N x Ly matrix with ith row equal to W/, and Z the N x Ky matrix with ith row equal to Z!. Let
X = (X, W) be the full matrix of endogenous and exogenous regressors, and let Z = (Z, W) be the
full matrix of exogenous variables. Define for an arbitrary NV x J matrix S the following three N x N
matrices, the projection matrix Pg, the matrix Mg that projects on the orthogonal complement
of S, and the diagonal matrix Dg with diagonal elements equal to those of the projection matrix:

Ps = (S(S'S)”'s, Mg =1—-(S(S'S)"'S"  and Dg = Diag(Ps).

We use the subscript | as shorthand for taking residuals after regression on the exogenous regressors
W, SO ZJ_ :sz, XJ_ :wa, and YJ_ :MwY
Define the augmented concentration parameter, the two by two matrix Ay:

Ay = < Ani1 Ani2

Anis An oo ) =(~ m2 ),ZlZL( v T2 ). (2.4)

In the case with valid instruments, v = 0, Ay 11 = An,12 = 0 and the only non-zero element of Ay
is Ay 22. In our more general set up with outcome equation (2.3), all elements of Ay can differ
from zero. The (2,2) component of the augmented concentration parameter, Ay 2 is related to the
concentration parameter (Mariano, 1973; Rothenberg, 1984), conventionally defined as A 22/322.
Here, following Andrews, Moreira and Stock (2006), we use the version without dividing by the
structural variance Yoo because that will simplify the discussion later.
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3 Estimators

Here we introduce the five estimators whose properties we shall study. Three have been introduced
previously, and the other two are minor modifications of previously proposed estimators. The first
three estimators fit into the k-class (Nagar, 1959; Theil, 1961, 1971; Davidson and MacKinnon,
1993). Given a scalar k, the k-class estimator for (3, a) is

<,§k> ~ (X1 iMyX) T (X(I - MR)Y)

k

We are primarily interested in the estimator for 3, which can be written using the “1” notation as
5 -1
Br = (X,J_(I - kMZL)XJ-) (X,J_(I - k‘MZL )YJ-) : (3'1)

A prominent member of the k-class is the two-stage-least-squares (tsls, Basmann, 1957; Theil,
1961) estimator, with I;:tsls = 1. This estimator has been shown to be inconsistent under many-
instrument asymptotics (Bekker, 1995), and we will not investigate its properties under the various
generalizations of the many-instrument set up here. Instead we consider a bias corrected version
of the tsls estimator. Nagar (1959) suggested l%nagar = 14+ (Kyx — 2)/N, but the first of the five
estimators we focus on is a slightly different version suggested by Donald and Newey (2001), with

1
1- (Ky —2)/N°

kbtsls =

Under the conventional asymptotics with the number of instruments K fixed the difference between
the Nagar and Donald-Newey estimators is small, but under the many-instruments asymptotics
with Ky/N — ag > 0 the difference matters and the Donald-Newey version is more attractive.
The second estimator we consider is a further modification of the Donald-Newey bias corrected
estimator, with

Lo 1-Ly/N
mbtsls — 1 —KN/N _ LN/N

The third estimator we consider is the limited-information-maximum-likelihood estimator (liml,
Anderson and Rubin, 1949), with

b (Y — XB8) Mw (Y — X53)
lim] — IMin 7 .
8 (Y —XpB) Mz (Y —XB)

The fourth estimator we study in the current paper is the jackknife-instrumental-variables estimator
(jive, Phillips and Hale, 1977; Angrist, Imbens and Krueger, 1999),

Biive = (XL’ (I — Mg, (I- DZ)_1> XL)_l (XL’ (I ~ Mg, (I- DZ)_1> YL) . (3.2)

Alternative versions of jackknife estimators are introduced in Angrist, Imbens and Krueger (1999)
and Ackerberg and Devereux (2009). We also study a new version of the jacknife estimator, closely
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related to the Ackerberg-Devereux estimator, which we refer to as the modified jive estimator, or
mjive:

Banjive = <X’L <I - <1 - Lj\f) Mz, (I— DZ)_1> XL> - (3.3)

X (X’L (1 - <1 - Lj\f) Mz, (I- DZ)_1> Yl>

We analyze the properties of these five estimators, that is, Bbtsls, metsls, mal, ﬁjive, and ijive,
under various assumptions about the rates at which the number of instruments and exogenous
regressors increase with the sample size, Ky, Ly, and the assumptions about the parameters
governing the misspecification, ~.

4 Many Exogenous Regressors

in this section we look at the properties of the five estimators under the assumption that the
instruments are all valid v = 0), but allowing for many exogenous covariates (Ly/N — ar > 0).
If we fix az, = 0 we are in the many instrument case studied in the literature (e.g., Bekker, 1994;
Chamberlain and Imbens, 2004; Chao and Swanson, 2005). If we restrict both a; = ax = 0 we
are back in the case with conventional instrumental variables asymptotics.

Assumption 1. (VALIDITY OF INSTRUMENTS)
All elements of v are zero.

Assumption 2. (INSTRUMENTS AND EXOGENOUS VARIABLES)
(i) Z; c REN, W, e REN, ¢, e Ry, €R, fori=1,...,N, N = 1,... are triangular arrays of
random variables with (Z;, Wy, €;,v;), i = 1,..., N exchangeable.
(ii) (Z, W) is full column rank with probability one.
(i1i) (P3)i < ¢ for some ¢ <1 for alli=1,...,N with probability one.
(iv) max;<y|(Zy)im12|/VN — 0 and;
(v) supy sup;>1 >_;|(Pz, )ij| < C and supy sup;>; 3_;|(Pw)ij| < C for some C < oo with prob-
ability one

Assumption 3. (MODEL)
(i) (e;,v;) | Z, W are iid with mean zero, positive definite covariance matriz 2, and finite fourth
moments;
(ii) The distribution of (e;,v;) | Z, W is Normal.

Assumption 4. (NUMBER OF INSTRUMENTS AND EXOGENOUS REGRESSORS)
For some 0 < arg <1l and0<ap <1,

Kn/N = ag +o(N~1/?), and  Ly/N =ar 4+ o(N~Y?).



Assumption 5. (CONCENTRATION PARAMETER)
For some positive semidefinite A with Ass > 0,

An/N 5 A, and E[Ay/N] — A.

The first result establishes consistency in the case with many exogenous covariates and many
instruments.

Theorem 1. (CONSISTENCY WITH MANY VALID INSTRUMENTS AND MANY EXOGENOUS RE-
GRESSORS)
Suppose Assumptions 1, 2 (i)-(iii), 3 (i), 4 and 5 hold. Then:

(i) (k-class) if k 5 k with k < 171_0% + ot Az , then:

ag—ay, l-ax—ar)

(1—ap— (1 —ag —ap)k)Xi2
A22 + (1 —Qy, — (1 — 0K — OéL)]C)EQQ

~

By B B+

= Bk,
(ii) (liml)
1—oay

Biiml = B, Elim1 =

(iii) (btsls)

1—ag —ar’

{akar/(1 —ak)} 12 1
sls — 5 k sls — 5
Ponsts = B 4 R awar/(l = ax))} 5oz bisls = T
(iv) (mbtsls)
l—«
ﬁmbtsls - /Ba kmbtsls = L

1—ag —ar’
(v) (jive) Suppose ar, < Aga/¥a3. Then:

Biive = B — —OLZ21

Ao —ap¥e’
(vi) (mjive)
ijive = Ba

The key insight of this theorem is that the bias corrected tsls estimator and jive are not consistent
when the number of exogenous covariates increases proportional to the sample size. These two
estimators are consistent if only the number of instruments increases with the sample size. There
exist simple modifications, however, to achieve consistency. Especially for the btsls estimator the
modification is very modest relative to the adjustment for the many instruments, changing the
value for k from 1/(1 —ax) to (1 —ayr)/(1 —ax —ar). The liml estimator is not affected by either
the presence of multiple instruments or multiple exogenous covariates.

The second result establishes asymptotic normality for the estimators that are consistent in
this setting with many exogenous variables and many covariates. The presence of many exogenous
covariates does affect the large sample variances.
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Theorem 2. (ASYMPTOTIC NORMALITY WITH MANY VALID INSTRUMENTS AND MANY EXOGE-
NOUS REGRESSORS)
Suppose Assumptions 1-5 hold. Then:

(i) (liml)
VN (Bnml — ﬂ) | Z=N (0, A2 <212A22 i O‘K(l_O‘L)L (S5 - 2%2)>)

l—ag —«

(ii) (mbtsls)

X _ 1
VN (metsls - ﬂ) | Z =N (O,A;Q2 (211/\22 T ox(l—ar) (D130 + 2%2)»

1—04[(-0[L

(iii) (mjive) Suppose in addition that N~1 =T

1
i 1-(Dy)u
\/N (ijive - /8> | Z =
N(0,A5 (112 + (1 —ar) (1 —ap)m = 1) (11802 + £3))) -

The conventional results for these estimators under many instruments asymptotics correspond
to the special case with ay = 0. Note that the presence of many covariates increases the variance
for the liml and mbtsls estimators because (1 —ar)(1 —ag)/(1 —ag —ap) > 1if 0 < ap < 1.

5 Many Invalid Instruments

In this section we extend the previous results to allow for direct effects of the instruments on the
outcome. First we establish the probability limits of the previously considered estimators under
the same assumptions as before other than that we allow v to be different from zero.

Theorem 3. (CONSISTENCY WITH MANY INVALID INSTRUMENTS AND MANY EXOGENOUS RE-
GRESSORS)
Suppose Assumptions 2 (i)-(iii), 3 (i), 4 and 5 hold. Then:

(i) (k-class) if k 5 k with k < 171_‘” + sm Azz then:

ag—op —ag—or)’

. Ao+ (1—ar — (1 —arx —ap)k)X12
P, 12 L K L

= b+ = Bk,

Bk ﬁ AQQ—‘r(l—aL—(l—OéK—OéL)k)ZQQ IBk

(ii) (liml) Suppose mineig(X71A) < Aga/So9a. Then:

Aqy — mineig(Z1A)D 1l—«o min eig(X 1A
Biiml = B+ T .g( — ) 2 i = L4 d )7
Aoy — mineig(X—1A)Xg0 1—ag —ap 1—ag —ayp
(iii) (btsls)
Ao +{akar/(1 —ag)} X 1
Botsts = B + —= { /( )} X1z Fitsls =

A22+{OZK04L/(1—CMK)}222’ 1—ag’
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(iv) (mbtsls)

A12 1—OéL
5mbtsls = /8 + —, kmbtsls = T
Ao 1—ag —ap

(v) (jive) Suppose ay, < Aaa/¥9s. Then:

e = B+ 2 OLZA

b
Aoy — ap X0

(vi) (myjive)
Ao

ijive = ﬁ + A22>

The key insight from this result is the robustness of the mbtsls and mjive estimators relative to
the liml estimator. Specifically, if A2 is equal to zero, then mbtsls and mjive are consistent even if
A+ differs from zero. On the other hand, in order for liml to be consistent for all values of X, it has
to be the case that Ay is equal to zero (and that immediately implies that Aj2 = 0. The intuition
appears to be that mbtsls and mjive, like tsls, can be thought of as two stage estimators. In the
first stage composite instruments are constructed, one for each regressor (endogenous or exogenous)
based on the data on the endogenous regressor, the exogenous variables, and the instruments
alone. These instruments are then used to estimate the parameters of interest using a method for
just-identified settings, possibly with some adjustment. In this procedure proportionality of the
reduced forms, which holds under correct specificaction, is never exploited. On the other hand,
the liml estimator tries to impose proportionality of the reduced forms. This leads to efficiency if
proportionality holds, but if it does not hold, the estimator need not be consistent.

Next we consider asymptotic normality. We consider two additional assumptions. The first
restricts the direct effects of the instrument on the outcome. Combined with the earlier assumptions
it implies consistency of the mbtsls and mjive estimators.

Assumption 6. (ORTHOGONAL EFFECTS)
The augmented concentration parameter is diagional, or A1g = 0.

The second additional assumption puts a random effects structure on the direct effects of the
instrument on the outcome and the endogenous regressor. This assumption is less common in the
instrumental variables literature. The issue is that the estimators (mbtsls and mjive) depend on
AN 12. Even if the limit Ao = 0, if v differs from zero, and thus A1 > 0 it will generally be the
case that Ay 1o differs from zero for finite V. The stochastic behavior of Ay 12 affects the large
sample distribution of mbtsls and mjive, and we need to put sufficient structure on it to be able
to determine this distribution. A random effects structure is a natural way to do so, although not
necessarily the only one. First we redefine the parameters by orthogonalizing them with respect to
Z, as

(7 %12 )= (ax-2,.2)" (v ma2).

Then we consider the following assumption



Assumption 7. (INCIDENTAL PARAMETERS)
The pairs (Y, T12.%), for k=1,2,..., Kn, are #d with distribution

(o )z~ (() =)
T12.k Hr

A key implication of Assumption 7 is that

ot (A Z i (L / SR WA R
A-phm(N)—phm(N(fy ﬂ-lg)(ZLZL)<7‘(i2 >>_<M7r L + =.

This representation of A will be useful in interpreting the assumption concerning its off-diagonal
value. We defer further discussion of this assumption to the next section where we consider two
special cases.

Theorem 4. (ASYMPTOTIC NORMALITY WITH MANY INVALID INSTRUMENTS AND MANY EX-
OGENOUS REGRESSORS)
Suppose that Assumptions 2-7 hold. Suppose in addition that ji, = 0. Then:

(i) (mbtsls)
Ago

R 1—
VA (Bunnas— 8) = A (0,052 (S + 250208 (5w sty o (5 22))),

1—arg —ay, K

(ii) (mgive) If, in addition, N=1 > - — 7. Then:

VN (ijive - 5) =
Ao

N <0, Ay <211A22 + (1 —ar)(1—ag)r —1) (S1%2 + 3f) + An <222 1 ))) :

aK

6 Two Special Cases

In this section we consider two special cases with additional structure on the data generating
process. In both cases each unit ¢ belongs to a subpopulation, with the subpopulation indicator
G; €e={1,2,...,Gn}. We are interested in large sample approximations where the number of units
sample from each subpopulation is finite, and the number of subpopulations increases proportional
to the sample size. Let the number of units in group g be Ny, with N = Z?ZNI Ny. For convenience,
let us initially assume that the number of unit sampled from each subpopulation is the same for
all subpopulations, Ny = N/G for all g.

6.1 Special Case I: Subpopulations with Clustering

To focus on the key issues, let us assume there are no exogenous regressors beyond the inter-
cept, Ly = 1. In the first special case the instruments are indicators for the groups, Z; =



(Zi1, s Zik 5 1), Where Zjp = 1g,=, for k = 1,...,GN, and the number of instruments Ky

equals the number of groups Gy. The general model in (2.2) and (2.3) can now be written as

Kn—1
Yi=0+BXi+ Y Wi+, (6.1)
k=1
Kyn—1
X =m1+ Z T2,k Zik + Vi- (6.2)
k=1

Exploiting the special structure here, in combination with the equal group size, the augmented
concentration parameter can be written as the sample covariance matrix of (yx, mi2.4):

Ay =N % kK:Nl (7 — 7)2 KilN II::Nl (v —7) (T12,5 — T12)
- — — K — 2 )
o k2l (O = 7) (M2 — Ti2) o k2] (M2, — Ti2)
where
KN KN
=% A=
Y= Yk and w2 = —— T12,k-
Ky Ky
Therefore

A =plim(A/N) = =.

Now let us consider Assumption 7 and interpret in this context with a group structure. Suppose
we have a large population of groups. Let uy, and px 4 be the population means of ¥; — 8X; and
X, in group g, and let puy and px be the overall population means of Y; — 5X; and X;, the average
of the group means. The natural place to put a random effects structure on the parameters would
be to assume that the pairs (py g, tx ) are independent and

(ZEZ)NN« 5;>@> (6.3)

In terms of the specification in (6.1 ) and (6.2 ), we have py , = d+k, fy,x = 0, px k= T11+Ti2k
px,x = 711. We can invert this to

0= py.K, Vi = My, — LYK T = UX,K, and ok = Xk — UX,K-

Now consider the transformation to (¥ 712). Because in this case with equal group sizes and only
the intercept as an exogenous regressor, we have Z’LZL =Irgy-1— LKN_lb/KNfl/KN, we have

(7 72 )= (CVK'Z/J_ZJ_)l/2( v T2 )

= Oz}(/Q (IKN—I - LKN_lblKN_l/KN)l/Z ( Yo 712 )

By, — My, K BX1— XK
1/2 ) i

1 1
- | P 1+ 1t
“x (KN ! KN—1< \/KN>LKN HEy 1)

MY, K—1 — HY, K HX,K-1 — UX K
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Myl MX1
1/2 .
=ap B
Uy, K HX.K

where the (K — 1) x K matrix B equals

1 1 ) 1
B = < IKN—1 ~ Ry_I (1 + m) LKN—U’/KN—l LK N—1" TR ) ,
satisfying
Bk, =0, and BB =c- Try—1.

Thus, a random effects specification on (uy k, f1x %) as in (6.3) implies a random effects specification
on (¥ 712), namely

(o )Jzw~a((5)-2):
12,k 0

with = =c- ®.

The random effects assumption on (Jj 712,%) is therefore more reasonable than a random effects
assumption on (y m2%) would be.

There is an important alternative interpretation to the set up in (6.1)—(6.2). In this alternative
interpretation the ~; are viewed as random effects reflecting clustering. Let us write the outcome
equation (6.1) as

Yi=10+ BXi+ni,

where the composite residual n; has the form
ni =&a, + €,

where the cluster-specific component & is equal to the direct effect of the instrument:
§k = Vk-

Then assuming the v; have expectation zero and denoting their variance by Z1; > 0, we can think
of the residuals n; having a clustering structure

02+ 21 if i = j,
E[n]Z] =0 and E[ninj| Z] =¢ En if G, =Gj,i#j
0 otherwise.

Analogously we can write the second equation with a clustering structure:
Xi =m1 + G, where (; = ¢g, + Vi, and g, = T2k

Now we have

02 + Ego if i = j,
E[GlZ] =0 and E[G¢j|Z] = Eax if Gi=Gj,i#]
0 otherwise.

[11]



The critical assumption that Aje is equal to zero (equivalent to Z15 = 0) now amounts to
assuming that the cluster component in the outcome equation, &, is uncorrelated with the cluster
component in the first stage, . This assumption is not innocuous, but assumptions about zero
correlations for cluster components are often made in clustering settings.

In this case with the instruments equal to the group dummies the original jive estimator has
an interesting form. The predicted value for £ underlying the tsls estimator is the average value of
X for all units in the cluster,

A 1
tsls .
X750 = No E X;.
b J:Gi=G;
The jive estimator modifies that to the average over all units in the cluster, excluding unit ¢ itself:
inve — 1 X
‘" Ng -1 2 Lo
! J:G=Gy,j#1

With a finite number of units per cluster omitting unit ¢ can make a difference, and this is reflected
in the inconsistency of tsls in this setting.

The properties of the previously discussed estimators liml, btsls, mbtsls, jive, and mjive follow
as a special case of Theorems 3-4, specializing it to the case with Ly = 1 so that ar = 0.

Corollary 1. Suppose Assumptions 2-5 and 7 hold. Then
(i) (k-class)

{1-(1—az)k}Sa + A2
{1 -1 —az)k} o+ Ay’

By — B+

so that a sufficient condition for consistency of k-class estimators is that k— 1/(1 — agz) and
Alg =0.

(1), (liml) liml is not consistent if pr = 0, unless 03 =0:

Eiial — - - (1 + mineig (£7'A)),

and

A19g — min eig (2_11\) Y9
A22 — min eig (2_1[\) 222 ’

Btim1 = B +

(7i7) (btsls and bmitsls) the btsls and mbtsls estimators are consistent if Ao =0,

Ao P Ao

Bbtsls — /8 + r7 metsls — B + —
22

(iv) (jive and mjive) Bjive and ijive are consistent if Ao = 0,

Ai
Ao’

Ai

Am'i —
A227 B jive B +

Biive — B+

[12]



6.2 Special Case II: Groups with Interactions

In the second case we maintain the subpopulation structure: each unit ¢ belongs to a subpopu-
lation G; € {1,2,...,Gn}. For each unit there is a binary indicator @); that serves as the basic
instrument. More generally we could have a number of basic instruments, and allow these to be
discrete or continuous. This special case is motivated by the Angrist-Krueger analysis where the
basic instruments are quarter of birth indicators. We generate additional instruments by interact-
ing the group indicator with this binary instrument. We include the group indicators as exogenous
covariates, W; = 1g,=k, so that Ky = Ly = G . Again for ease of exposition let us assume that
the groups are all equal size, N, = N/Gy for all g, and that the fraction of (); = 1 units in each
subsample is equal to ¢ =), Q; - 1g,—4/N, for all g. The model can now be written as

Ky Kn
Y =BXi+ Y oW+ Y wZik + €, (6.4)
k=1 k=1
K K
Xi =Y mopZin+ Y mopWi + vi. (6.5)
k=1 k=1

In this case

/
()
Mo Mo

We can directly apply the results from Section 5, which imply that mjive and mbtsls are con-
sistent and asymptotically normally distributed if Aio is equal to zero. In this case Ajs = 0 is not
necessarily a plausible assumption. It would require that p. - i +=12 = 0. We can in fact relax the
sufficient conditions for identification in this special setting. We consider two specific alternatives.
First, suppose we assume that p, = 0, allowing =12 to be different from zero. Second, we consider
the assumption that =12 = 0, allowing p to be different from zero.

Under the first assumption, p, = 0, we can simply use the just-identified iv estimator with @;
as the single instrument. Adding the interactions of the type Q; - 1g,— as additional instruments
would lead to inconsistency if we use liml, btsls, mbtsls, jive or mjive.

Theorem 5. (ZERO MEAN)

Suppose the model in (6.4)-(6.5) holds. Suppose also that Assumptions 2—4 and 7 hold. Suppose
that in addition p, = 0 and px # 0. Then the just-identified iv estimator with exogenous covariate
W; =1, endogenous regressor X; and instrument Z; = @; is consistent for B and satisifies

VN (Biv - B) = N(0, (Z11/ax + T11)/12)

In the second case with p, # 0 and Zj2 = 0, again using all interactions as instruments does
not lead to consistency if we use liml, btsls, mbtsls, jive or mjive. However, in this case we can base
a consistent estimator on a strategy where we can treat (J; as an exogenous regressor instead of an

[13]



instrument, and only use the remaining K — 1 interactions of the type @Q; - 1g,— as instruments
with the mbtsls or mjive estimators:

Ky
Yi = XiB + Qido+ Y Wirdi + € (6.6a)
i=1
Ky Ky-1
Xi = Qimazo+ Y Wirmaop + Y moxQiWik + vi (6.6b)
k=1 k=1

This allows for a direct (common) effect of the original basic instrument, but rules out interaction
effects.

Theorem 6. (INTERACTIONS)

Suppose that the model (6.4)—(6.5) holds. Suppose also that Assumptions 2—4 and 7 hold and that
ZE12 = 0. Then the mbtsls and mjive estimators based on the model (6.6) that treats Q; as an
exogenous regressor are consistent for 8. Moreoever, under those assumptions:

A o [ — - — _ 1—ag)a
VN (Babtsis— ) = N (0, B <:11522/aK + E11222 + E2X1 + ((I_;Ol;{ (Z113822 + E%2)>)

and

\/N(ijive - B) =
N (0,255 (E11Z2/ak + E11%02 + E0o%11 + (1 — ag)((1 — ag)T — 1) (11202 + 1))

where T = q_qQK + 1(1—q)2 is the limit of tr((I— D)~ '/N).

a —q—og

7 An Application

We apply some of the methods to a subset of the Angrist-Krueger (1991) data. We use individuals
born in the first and fourth quarter (so we have a single binary basic instrument, although this is
not essential), dropping observations from Alaska because there are some years birth quarters with
no observations, leaving us with observations on 162,487 individuals.

We look at six estimators, the five studied in this paper and tsls. We consider three sets of
instruments. First, a single binary instrument, an indicator for being born in the fourth quarter.
No exogenous covariates beyond the intercept. Second, we interact the qob dummy with state of
year times year of birth dummies, for a total of 500 instruments, and 500 exogenous regressors.
Finally, we only use the interactions as instruments and treat the basic quarter of birth dummy as
an exogenous variable rather than as an excluded instrument.

Table 1 presents some estimates.

8 Conclusion

[14]



Appendices

We first define some additional notation. Write the reduced-form based on Equations (2.2) and
(2.3) as:

Y, X)) =(z w;) (™ 7T12> 1
( ) =& W) <7T21 22 Vi

where w11 = v + 7120 and 791 = 6 + m2f8, and V; = (¢; + v;8,v;). Denote the upper Ky X 2
submatrix of the matrix of reduced-form coefficients by II; = (711, 712). Let:

1 0
F =
(5 )
Let © = cov(V;) denote the reduced-form covariance matrix. Then:

Q-r-VUsp-! — <211 + 28128 + 928% T2+ Ezzﬂ)

o1 + X92f3 Yoo

Let V denote the N x 2 matrix of reduced-form errors with ith row equal to V. Let Y = (Y,X)
denote the N x 2 matrix of endogenous regressors, and let Y | = (Y1,X ) denote the matrix of
endogenous variables after regressing them on W.

Let Wy(f,V,V~1M) denote a d-dimensional non-central Wishart distribution with f degrees
of freedom, scale parameter V', and non-centrality parameter M. Let S1/2 denote the symmetric
square root of a symmetric positive semi-definite matrix S.

Let tnx € RN be an N-vector of ones.

A  Auxilliary Lemmata

Lemma A.1. Consider the quadratic form Q = (M +U)'C(M+U), where M € RN*S ¢ € RN*N
are non-stochastic, C is symmetric, and U = (uq,...,uy)’, with u; ~ [0,9] iid. Let a € RS be a
non-stochastic vector. Assume w; has finite fourth moments. Denote do = diag(C'). Then:

(i) (Lemma 1, Bekker and van der Ploeg, 2005)

E[Q | C]l= M'CM + tr(C)Q
var(Qa | C) = a/QaM'C*M + o’ M'C?* Ma$) + Qaad’ M'C?*M + MC?Mad'Q + tr(C?)(a'QaQ) + Qad'Q)
+ dpde[E(a'v)*uu’ — a/Qad’Q — a'Qaf)] + 2dCMaE|[(a'v)uu]
+ M'CdcE[(a’u)*u] + E[(a'v)?*u]d,CM

If the distribution of u; is Normal, the second and third lines of the variance expression equals
zero.

(i) Suppose that the distribution of u; is Normal, and that, as N — oo:

M'C*M/N — Qcum tr(C?)/N — 7co



where the elements c;s of C may depend on N. Suppose also that max;<n||mis||/VN — 0
and sup y max;< N Zj-v:l\cm = D¢ < 0. Then:

VN (Qa/N — EQa/N) = N (0,V)
where
V =d'QaQcy + ' QenraQ + Qad' Qe + Qonrad Q + 702 (a’Qaf) + Qaa’2)

Proof. We follow the arguments in van Hasselt (2010), who proves asymptotic Normality of Qa/N
when u; are non-normal, but imposes slightly stronger regularity conditions. By the Cramér-Wold
device, it suffices to prove that for any vector b € R¥:

N2 (VQa —E [)Qa]) = N (0,6'Vb) (A.1)
Let m® = Mb be an N-vector with the ith element equal to Zle misbs, and similarly for m®, u®

and u®. Let also Q,, = p/Qr, for p,r € {a,b}. Then the left-hand side of (A.1) can be written as:
N_l/Q(b’Qa—E[b’Qa]):ZZ%um + miul + ufub) ZC” ab = _1/22Df’b
i i

where, using the fact that ¢;; = ¢j;:

D?Vbz—cm(u ) ab) + U; chu +uf chu + u; Zcmm + uy ZCU (A.2)

Jj<i J<i
{N—V QD?\}bi, 1 < i < N} is a martingale-difference sequence with respect to the filtration Fy; =
o(u,...,u;). To apply a martingale central limit theorem, we need to verify that:
N
NS E [(D?\}bi)Q | fN,Z-_l} 2 WV (A.3)
i=1

Expanding the expression yields:

IZE[ )2 | Foi- 1] :N_IZC% (Quap + 2 5) + QN DN cyjeipuiug

1 J<i k<i
1 1
+ Qg o™ ZZZcmqku uk +2Q, N~ ZZZCUC“’“U “k
i J<i k<i i J<i k<i

+ Yy pa’ M'C?* Ma/N + Qq o MC?*Mb/N + 20,0’ MC*Ma/N

+ 20, N ! Z Z Z c”clkmku +2Q N ™ ! Z Z Z cwczkmku

i j<i i j<i
+ 20, N ™ 1 Z Z Z cz]clkmku +2Q4aN™ 1 Z Z Z cwclkmku
1 j<i 1 j<i

(A.4)



The last four terms are o, (1) since their variance converges to zero. This follows from writing them
as:

-1 Z Z Zcmczkmku = Z -1 Z chjc]kmk uy p,r € {a,b}

i j<i 7>t

and noting that
2 2

Z -t Zz%cjkmk < (maxmp/\/> Z Zcij ;cik < (Ig&}\)f(mf/\/ﬁfCﬂ —0
j

% 7>t

Now consider the terms of the form:

-1 o -1 2,7 1 (BT D
N g g gcwclkujukf E Ec”u]uj—i—N E E Ec”czk(ujuk+cwclkujuk)

i j<i k<i i §<i i j<i k<j
—iz 2 + upur»qLN_lZE Zc--c uu + uuy, Zczupur
N : : ij 222 ] L 'Z]Zk k k 2N W
J i>j i j<i k<j
1 /
_ 2. D7
- iTCQP Qr — Zcu Uy uy + Op )

The last line follows from applying Chebyshev inequality to the first two terms, and noting that:
2

1 1.2 P -2
var (N > (Zz>] i+ Qc”> ujuj> = var(u;uj g g cm + 5 2

1>7
< Var(ugu;»)N 2t02DC —0
2

var <% Do D Dok Cijcikuﬁu};) = N—2p/Qpr’QpZZ ZCijCz‘k <O(NT2D{) =0

7 k<j \i>j

Pulling together the results yields:
121@[ "2 | Faia| = ¥V
NS (o' + () — Quaudul /2 — V' Qbufug /2 — Qg yudul)
This establishes (A.3), since the second term is o,(1) as max; ¢ /N — 0.

Secondly, it is possible to show that N2 . E(D Nl) — 0, so that the Lindeberg condition
holds. Hence, a martingale central limit theorem applies, which yields the resut. O

Lemma A.2. Consider a sequence of random matrices { XN }_, such that Xn ~ Ws(Jn,Q, Q1=N).
Suppose that Ex /N — Z, and that Jy/N = o+ o(N~Y2), a > 0. Then, for any vector a € R®

N~Y2(Xya/N — (En/N + a)a)
= N (0, ('QaE + a'ZaQ) + Qad'E + Zad'Q) + a(a'Qa + Qaad'Y))

[17]



Proof. By definition of a non-central Wishart distribution, we can decompose Xy = (U + M) (U +
M), where U = (uq,...,uzy), uj ~ N(0,Q) iid, M'M = Ey, and =x/Jy — =/a. Hence, we can
apply Lemma A.1 (ii) with C' =1, to get:

I (Xna — (Ex + InQ)a)
= N (0,0 (d'QaZ + d'ZaQ + Qad'E + Ead'Q) + a'Qaf) + Qad'Q)
which yields the result. O

Lemma A.3. Let Y, = (Y1, X ). Then under Assumptions 2, 3 (i), 4 and 5:

Y Y. /N2 WA (1-ap)f (A.5a)
Y Py Y. B0 +akh (A.5b)
Y H, Y, /N %0 Hz = (I-Dgz) 'Mz (A-5c)
where
U= <A11 + 20128 + Ap2B? Aio + A225> (A.6)
Aqg + Aoof3 Ao

These probability limits also hold conditional on Z.

Proof. First we establish the probability limit of V'Pz V/N. By Lemma A.1 (i):
E[V'Pz,V/N | Z,] = (Kn/N)Q (A.7)

Fix a € R?. Since Pz, is a projection matrix, 0 < (Pz, );; < 1. Hence, Y, (Pz,)% < >,(Pz, )i <
K. Therefore:
var(V'Pz, Va/N) = Evar(V'Pgz Va/n | Pz,)
=E [tr(Pz, /NQ)] (a'QaQ) + Qad'Q)

+E[N72 3Pz, )3] [E(@Vi)* ViV — a/Qad'Q — a'Qag)] (A8)
< (@000 + aa') + TR o] — o Qad'0 — /20
= O(Kn/N?)

Combining Equations (A.7) and (A.8) with Assumption 4 yields :
V'Pz Vin 5 ax (A.9)
By similar arguments:
V'MwV/N % (1 -ap)Q (A.10)
Next, by Assumption 3 (i), E[I}Z', V/n | Z,] = 0, so that:
var (II)Z' Va/N) =E [var (II)Z' Va/N | Z,)] = (a/Qa)E [IIYZ, Z, 1, /N?|
= (a'Qa)I"VE [Ax/N? T7' = O(1/N)

[18]



where the last equality follows by Assumption 5. Consequently:
Lz, V/N %0 (A.11)

Combining the representation Y| = Z II1 + MwV with the limits in Equations (A.10) and (A.11),
and Assumption 5 establishes (A.5a):
?/J_?J_/n = HﬁZlZLﬂl/n + HQZLV/n + V’ZLﬂl/n + V/va/n
=T 'ANT /N 4+ (1 — ap)Q + 0p(1)
=V} (1 — aL)Q
Claim (A.5b) follows by similar arguments from Equations (A.9) and (A.11):

?/J_PZJ_?J_/TL = ﬁZ’lZJ_Hl/n—I—H'1ZJ_V/n+V’ZJ_H1/n+V/PZLV/n
LW+ ag

Next we prove (A.5c). As an intermediate step, we need to find the probability limit of V'Hz;V.
Since Hy is symmetric, we can apply Lemma A.1 (i), so that:

E[V'H,V/N] = Etr(Hz/N)Q = Q

since tr(Hz) = N. Denoting t = tr(H%), we have t = tr(Mgz(I — Dz)_z) =tr((I— Dz)_l) < %
by Assumption 2. Moreover, Y, (Hz)2 = >, 12 = N. Hence, for any a € RETL:

var(V'HzVa/n) = Evar(V'HzVa/N | Z)

=E[t] - (a'QaQ + Qad'Q)/N? + E - [E(d'vs)?v0] — a/Qad’Q — a’Qaf)] /N?

> (Hyp)j

%

(d'Qaf) + Qad'Q) /N + [E(a'v) v} — a'Qad'Q — a/QaQ]/N

<

1—c

=O(N1)
Therefore, by Chebyshev’s inequality:
Y'H,Y/N =V'H,V/N % Q (A.12)

Finally, the same calculations go through even if we condition on Z, so that the probability limits
hold also conditional on Z. O

A2z /X2
—arp—aK

Lemma A.4. Consider a k-class estimator with k 2 k st k < 1_17% + 5 . Then under

ar —oK
Assumptions 2, 3 (i), 4 and 5:

A~

EREN Ao+ (1 —ap — (1 —ax —ap)k)X1o
3

Ao+ (1 —oar — (1 —ag —ar)k)Xa




Proof. Combining Lemma A.3 with the condition k=k+ op(1) yields:

(1 — ];‘)?/J_?L/N + ];'?/J_PZJ_?L/N = (1 — /{3)(‘1/ + (1 — OzL)Q) + k(\l’ + OéKQ) + Op(l) (A 13)
= \I/+ (1 — oy, — (1 — QK —aL)k)Q—i-op(l)
The (2,2) element of (A.13) is given by:
(1 - k)X X, /N + kX Pz X, /N =App+ (1 —ap — (1 — ax — ap)k)Sa + o,(1)

since Yoo = (9o, By assumption Agg + (1 —Qy, — (1 — K — aL)k)EQQ > 0, so that:
. . ~1
(1= B)X, X0 /N + X Py, XU /N) = (As (1= g = (1= akc = ap)k)Ta) ™' + 0y(1)
(A.14)
The (1,2) element in Equation (A.13) is given by:

(1-k)X Y /N +EX Pz, Y /N =Ao+Apf+(1—ap—(1—ax —ap)k)Qiz+ op(1)

=Ap+(1—-ar—(1—-ax—ap)k)Zi2+ (1 —ar — (1 —ag —ar)k)Xf8 + Apf + op(1)
(A.15)

Applying Equations (A.14) and (A.15) to Bk

Biﬂ = (1 - k)X X, /n+kX Pz, X, /n) N (1 - k)X Y| /n+ ks Pz, Y))
=p+ Az + ((1 - k)(l - 04L) + aKk)le
A22 + ((]‘ - k)(l - OZL) + O(Kk)ZQQ

+o0,(1) O

B Proofs of Propositions

Proof of Theorem 1. The results are a special case of Theorem 3 with Aj5 = 0 and Ay = 0. ]

Proof of Theorem 8. The results for a general k-class estimator, btsls and mbtsls follows directly
from Lemma A.4. We therefore just need to derive the results for liml, jive and mjive.

First, we establish the result for liml. l;:hml is given by the minimum of the liml objective
function:

Fim1 = min (1’5@,?L?L7/N(1’ _5),~ = min f,,?L?{N¢ Qn (o)
8 (1, -B)Y Mz, Y /N(1,-B) ¢e5' ¢'Y Mz, Y /né

where S! denotes the unit circle in R2. Applying Lemma A.3 yields:

L, J@ (-0 §Te
N0 > o —an) e = 9The

where we define T =¥ 4+ (1 — ar)Q and T = (1 — ap — ak ). Assumption 3 (i) guaranees that

= Q(¢)

the denominator is non-zero for any value of ¢. The minimum of Q(¢) is achieved at:

. 1—arp 1 . PV
= +
S ) = T o T T ar —ax ol 90
1—ayp min eig(X 1A
= + ( ) = Kiiml
1—ag —oar, 1—ag —aj

[20]



where the last line follows since the eigenvalues of QW correspond to the eigenvalues of X71A.

The minimand ¢y is given by the eigenvector corresponding to the smallest eigenvalue of the
matrix:

1

— YU+ (- Q

o (- an)

We now need to show that:

Ftimt — ki1 = min Qn(¢) — Q(¢rim1) = 0 (A1)
peSt
To this end, we first show that the convergence of the objective function is uniform:
sup [Qn (9) — Q(¢)] = 0 (A.2)
pest

Fix ¢ € S'. By triangle inequality:

. 1 —, _
- 'Y | Mz, Y, ¢/N
w0 = Q)| < o o (6)6'Y', Mz, ¥ 16/N|
1 1~ <~ B B ) (<! — B
= i oo ¢ T Lm =T = Q@) (TiMz, Yu/N =T ) o

(Y.Y1/N = T)9| +Q(6)

/ (?lel?l/n _ TL) qu

(A.3)

< 1 (
T ¢Y Mg, Y, ¢/N|

We now need to bound all three terms in the expression. Since the trace operator is the inner
product under Frobenius norm, by Cauchy-Schwarz inequality:

/(Y Mz, Y1 fn = T1)o| = |tr (Y Mg, Vi /N = T1)o0)
< Vi ((0¢)2)|(Y Mz, Y /N —T1)|F
= (Y Mz, Y. /N -Ti|r
= Op(l)

where the third line follows since ||¢||2 = 1, and the last line follows since ?’LMZ Y. /n 5T by

Lemma A.3. By similar argument
P
¢/ (YLY /N = T)¢| = 0p(1)

Finally, we bound the denominator. Since ?/J_MZL?L/TL 51> o, qb’?lel?qu/N > 0 wpal,
so that wpal |¢’?’LMZL?¢¢/TL| < C for some C < co. Applying these bounds and the fact that
Q(¢) is bounded implies that the right-hand side in (A.3) is 0,(1), which implies (A.2).

Next, denote the argmin of Q ~(p) by dA) Note that kjm and hence qg exists wpal. We can now
establish (A.1), using the uniform convergence result (A.2):

A~

Q(d1m) < Q) = Qn(d) + (Q() — Qn(8)) < Q(dim1) + (Q(S) — Qn(9))
= Q(¢1m1) + (QN(1im1) — Q(drim1)) + (Q(d) — Qn (D))
Q((bhml) + Op(1>

[21]



The probability limit for liml then follows by Lemma A.4.
It remains to establish the results for jive and mjive. Define

Hyz = (I- D) 'Mz = MwMgz, (I-D3) 'Mw
Then jive can be written as:
Bive = (X' (Mw — HzX) ' X/(Mw — Hy)Y
mjive can be written as:
Bajive = (X'(Mw — (1 — Ly /N)HzX) " 'X'(Mw — (1 — Ly/N)Hy)Y
Applying Lemma A.3, we get:
Y Mw —Hz)Y/N 50— a0 (A.4)
Y (Mw — (1 - Ly/N)H;)Y/N & w (A.5)
Since Ago > ap Y99, it follows from the (2,2) element of (A.4) that:

(X'(Mw — Hz)X) ™! = (A2 — %) + 0,(1)
(X'(Mw — (1 = Ly/N)Hgz)X) ™" = Az + 0p(1)

Combining these with an expansion of the (2,1) element in (A.4) and (A.5) yields the results for
jive and mjive. O

Proof of Theorem 2. All probability statements are conditional on Z. We omit the conditioning
for ease of notation.
Proof of part (i) The liml estimator is given by the minimand of the objective function:

L (YL =X ) (YL - X B)
On(B) = (YL —X,8)Mz, (Y, - X5

The associated first-order condition is proportional to gN(Bliml) = 0, where

an(B) = —%XL(YL - X153+ Q]j\,(m Mz, (Y. -X.f)

The derivative of the first-oder condition is given by:

(D) = T O (XM, X, + 29 (5)

_ _X''M —-X, A
(Y, -X, )Mz, (Y, —-X,0) 1Mz, (s LF)

We will show that for any estimator B with 8 5 3:

In(B) 5 Ao (A4.6)



Secondly, we will show that:

1 —
\/NgN(,B) =N <O, Y1209 + M (211222 — 2%2)) (A.7)
1l—ag —af
Since the limit of Q;V(B) doesn’t depend on 8 and it is positive, and since Bliml LN [ is consistent
by Theorem 1, assertion ((i)) the theorem will follow (see Newey and McFadden, 1994).
We first prove (A.6). Let ¢ = (1, —3). By Lemma A.3 and consistency of f3:

YU+ A-ar)¢  1-og
(1 —ap —ag)p'Qe 1l—ap —ag

QN(B) = —(1—ar)Xi2 + i

~ ~

QnB) B

= Kjim1
1— ax — ap)Sie =0
p— aK( ag —ar)Xi2

where we use the fact that A1 = A1 = 0 by Assumption 1. Hence:

g;V(B) £> A22 + (1 - OCL)ZQQ - kZQQ +0= A22

which proves (A.6). It remains to show that gy (5um1) satisfies a central limit theorem. Let 7 =
v — ge, where o = ¥15/%11 be a projection of v onto space orthogonal to e. We have:

~ _ elee

\/NQN(B) = N 1/2 <I//MZ€6II\/I€ — X/MW€>

Z

e€Mwye

¢Mzge

— N71/2 (ﬁ/Mzé . kliml — (ZJ_TI'lQ =+ ﬁ)/ MWE) + Op(l)

= N"1/2 <17’Mze —(Zyim2+ D) Mwe>

where the third line follows since e;,l\l\/f[‘;’: = kiim+0p(1) by arguments in Lemma A.3, and N —1/25 Mze

is Op(1). Therefore, we can write:

\/]V@N(ﬁ) = Nﬁl/Q(ZJ_Tr12 + ﬁ)/ (klimle — MW) €
This expression is a (2,1) element of the quadratic form:
N2 (6 Z,m2+ 17)/ C (6 Z, 2+ ﬁ)

where C' = kjjmMyz — Mw. To establish (A.7), we need to check the assumptions of Lemma
A1 (ii). We have:

tr(C) = o(N~1/2) Toe = m (A.8a)
- 0 0 €; . 211 0
Qou = (0 A22> o (’7@> - ( 0 Y- E%2/211> (4.8b)

Applying Lemma A.1 (ii) then yields (A.7).
Proof of part (ii) We can write:

VN (metsls — 5) = (X'(MW — ffmbtslst)X/N) - N2 (X/(MW - ]%mbtslsMZ)e)

23]



By Lemma A.3, we have:

(X’(MW . l%mbtslst)X/N> T = At (1) (A.9)
The second term is a (2,1) element of the quadratic form:

N—1/2 (e Z w9+ y)/C (6 Z, w9+ 1/)

where C = (Mw — iﬁmbtslst)~ Applying Lemma A.1 (ii) with tr(C),7c2 and Qcas given by
Equation (A.8), and cov(e;,v;) = X then yields:

. 1—
N*1/2 (X’(MW — kmbtslst)f) = N <O, 211A22 —+ M(

DD »?2
T —— 112922 + 12))

Combining this result with (A.9) yields part ((ii)) in the Theorem.
Proof of Part (iii) Write the estimator as:

VN (ijive — 5) = (X'(Mw — (1 — Ly/N)Hz)X/N) 'N"12X'(Mw — (1 — Ly/N)Hz)e
where

Hz = MwMgz, (I-Dz)"' = Mz(I-Dz)™
By Lemma A.3, the first term satisfies:

(X/(Mw — (1 - Ly/NYHz)X/N) ™" = Ag} +0,(1) (A.10)
The second term is a (2,1) element of:

N2 (e Z,m9 + V)IC (e Z,m9 + V)
where C' = Mw — (1 — Ly/N)Hz. Since tr(Hz(I — D)™!) = tr((I — D5)™!), we have:

tr(C) = N — Ly — (1 — Ly/N)N =0
t(C?/N) = (Ly/N = 1) + (1 — Ly /N) tr((I - D) /N)

EN (ap — 1)+ (1 —ap)*r

Qcr is given by Equation (A.8), and cov(e;, v;) = X. Moreover, by Assumption 2:

N N
<1 Z Pw)ii
s%pr%%czglcul <1+ supmax 1I( w)ij
J= J=

N
+ (1= Ly/N)supmax > "|(T;; — (Pw)ij — (Pz,)i)||(T—Dg) )5l

N SN 4 1

]:

Cp
<1+4C
+Cp + 1-Ch < 00
Applying Lemma A.1 (ii) and combining it with (A.10) then yields the result. O

[24]



Proof of Theorem 5. Since 4y, = 1/q(1 — ¢)Yk, we can write the estimator as:

%N Yok /a1 —q) (Niq > Q=16 — N(ll—q) > Q=1 6%’)
ﬁ >k T2k + /(1 —q) (N%] D =1 Vi~ m D =1 Vi)

By law of large numbers, we have:

/BiV:/B+

1 _ 1 1 P
e S VA0 (5 2wy 2w B
Therefore, since p,; # 0:

N 1 v N/K 5 \/1—
W(ﬁiv—ﬁ)zf \/I/(—N]vzk:% AC) Z:_l \/%Z%:_lez +0p(1)

All three terms are Normally distributed and mutually independent. Adding up the variances yields
the result. 0

™

Proof of Theorem 6. Denote the matrices of instruments and exogenous regressors in the model
(6.6) by ~, so that W = [Q, W] where Q is an N-vector of basic instruments, Z is the matrix of first
Ky — 1 columns of Z, and Z | = My Z. Then Py = Pw +Pq,, where (Pq, )i = %.
Note that Z remains the same.

Let v, = K—A’,\’ Do k(i)=k Vi denote group averages, let Uik = gj\}’ Do Qs=1,k(5)=k Vi denote group
averages for individuals with Q; = 1, and let 7 j, = 1 ) N D Qi=0,k(i)=k Vi denote group averages
for individuals with @; = 0. Define:

o Ky _ o Ky
Yok = N E Vi€; — UyEg, Yook = N E Vi — i}
i: k(i)=k i: k(i)=k

KN QZ —q _ € ~
€10k = Z =vq(1—q)(Er — o) SPC = — fy + €10,k
i k(i)=k V 1 a q

Some tedious algebra shows that the mbtsls estimator is given by:
(1 = Fmbtsts) XMz, Y + kbists X'P Y
(1 = Fbtets) XMz X + Eimpisis X'Py X
%N >k <SZ 2 4 (1= Fpgsts) (S12, — 610,kV10,k)> K2 DDV E i
Zk (( P22 4 (1~ Fmbtsts) (S22,6 — V%O,k)) K2 Dok oS s

By the weak law of large numbers, we have:

metsls =

— Y Soni B (1-ak)s — > B axs A1l

Ky 2 22k = (1 — ax)¥a Ky 2 Viok — 0K 222 (A.11a)
1 T12,V\2 P — 1 w12,V P,

— 5.2 S Eog + ag X — ) =0 A.11b

Kn zk:( p) 22 + Q222 K 2 k ( )



Hence:

7 e ™ ™ -1 —
(KN 2k (( B2 (1= Kanbests) (B, — V%m)) - K%zv Dok 218 12’V3k12’y> = Entop(1) (A12)

The nominator can be written as:

. k v
K7N g <8Z7532127 + (1 — kmbtsls)<212 k — €10,kV10,k > K2 Z Z T2, 76 -

1 1
V€ (T12,V Z .
K ZDk‘ k‘mbtsli K2 Zsk Sk N . Dkvkmbtsls + Op(l/KN)
where:
- A 1
. _ J)HE T2,V o _ o T2,V % T2,V ’YG
ps = S 4 (1= Kanbests) (Z12,k — €10,5210,1) —KNZ(SZ + 53127 s))
<k
—1/2

Note that under the Assumption that Zi9 = 0, {K I
sequence with respect to the filtration Fi, = o (v, T2k, {€i: k(3) = k}, {vi: k(i) = k}).
The next step is to show that:

VN
Ky

}k>1 is a martingale difference

(1 — aK)aK

Z Dy . =N <07 E11Z22/ ok + E11822 + E22¥11 + (1= 2ax)

(Z11%22 + 2%2))
k

(A.13)

by applying the martingale central limit theorem. The claim of the theorem for mbtsls will then
follow by comining (A.13) with (A.12). To show (A.13), we first need to check that:

Ky
1 (1 - ag)a?
— Y E[D?. Fnio1] 2 E11802 + ax (E11 820 +E29511) + K (11802 + %
KN ; [ kkmbtbl ’ ) 1] ( ) (1 _ 2aK) ( 12)
(A.14)
Expanding the left-hand side yields:
Ky Ky W
E[Di Foobiels | FNjg—1] = E11822 + Wuuzm + Tumzn + 2 K2 Z Z 12V
N <k m<k
+ (511 + 211 Z Z T2,V 7T12, ( Zoo + 222 K2 Z Z g0 S'y,e
N 1<k m<k N i<k m<k
+ 2kimsts (1 — Fmbtsis) Ee105v106512,8 + Kopgsis (KN /N)? (11522 + 2575) + (1 — kmpsts) “EST, pzpan
(A.15)

where the expecations in the last line evaluate as:

K K K
ESh = ]\]fv(l - %)211222 + (1 - ]\]]V)Z%Q
2
EXiker04v108 = 7 Enlaz + aXxi,



We can therefore write:

Ky
1 Ky
7§ E[D? . Fni_1]l = 211500 + —Z112
KNk . [ kykmbtsls’ N,k 1] 11=22 N 114422

Ky _ L (L= Kn/N)(Ky/N)? 2 "
=5 Y D 12,V 77,€
R (1= 2(Kn/N))2 (11222 + X1p) +2 KJSV Zk:;mz;k sy

@+ g U Y e 4 (2 Kz e 0 O s

N i<k m<k Nk i<k m<k

Now, for a,b € {(v,¢€), (m12, V)}, note that:

ZZZSzS K3 ZKN K%Z(KN_Z)Z(SZS + sh,s1) = 0p(1)

N k I<k m<k N m<l

Threfore, the last three terms are o, (1), which proves (A.14). One can also show that K> >, ED* . —

k kmbtsls
0, which implies (A.13). Next consider the mjive estimator. Let

~ K K
Sro = WN ’ Z Qiviei Dok = WN ' Z (1= Qi)vi€i
i: k(i)=k i: k(i)=k
q 3 o 1—¢q _
15]162 = m <2%2,k - qu,kﬁl,k> m (Zm i (1 — Q)Vo,kfo,k>

Then we can write the mjive estimator as:

X'My Y - (1- %) X'M (1-Dg) 'Y

Bm'ive =
T XM X - (1- ) XM (1-Dy) X

e 2k (SZ’GSWM’ + D12k — 10410 — (1 — *)tm) KN 2s) s

K — v v
e S (5722 4+ S — g — (1= B00) — K250, Xy s7]

:ﬁ+

Using (A.11) and the fact that by the weak law of large numbers t22 = Yoo, we get:

—1
1 ) S KN -2 —_
([{N Z ((8212 V)2 + E22,k - V%O,k — (1 N tzz) — Z Z 57T W g V) = =99 + Op(l)

k
(A.16)

We can rewrite the nominator as:
i S’y 6,97“27 + 212 &k — €10,kV10,k — (]_ — £ t]? -2 Z Z S’Y’esﬂ Y= i Z Dk+0p(K;/ )
KN - k °k N k °l KN -

where:

Ky
Dy = Dyo— (1 — F)t}f



Like in the case of mbtsls, under the Assumption that Z15 = 0, {K&1/2Dk o
difference sequence with respect to the filtration Fj, = o (v, m12.4, {€i: k(i) = k}, {vi: k(i) = k}).

_tk>1is a martingale

To prove the claim of the theorem for mjive, it therefore remains to check that:

[;N ;E[D% | Faget] B
E11822 + ag (E11822 + Z22511) + ag (1 — ag) (1 — ag)T — 1) (S11802 + £,) (A7)
and that:
K\*) EDj—0 (A.18)

k

These two conditions will allow us to apply the martingale central limit theorem to K&l Dok Dy,.
We first establish (A.17). Using the expansion in (A.15), we get that:

Ky

T D E[D} | Fap-1] = En1Za2 + ax (E11822 + E22511) + ax (1 — ag)TnTe + (1 — ag)S
k=1

+ (1= Kn/NE[t2t}2] - 2(1 - Ky /m)E[Doti?] + 0,(1)

The remaining expectations are given by:

K
E[Dg ot | Fng—1] = %211222 + %2,

E[¢12¢12 | F - ¢ (1-q° BN s s 452 4 52
[t e | FNp—1] = 1—KN/N+1—q—KN/n W( 11%22 + X7p) + Xy

Substituting them in the expansion above yields (A.17). It can also be shown that (A.18) holds,
which proves the result. ]
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Table 1: ESTIMATES FOR ANGRIST-KRUEGER DATA (N = 162,487)

standard errors

~

Estimator I5] classic bekker many exo A1 >0

single qob dummy

tsls 0.089 (0.021)

liml 0.089 (0.021) (0.021)  (0.021)

btsls 0.089  (0.021) (0.021)

mbtsls 0089 (0.021) (0.021)  (0.021) (0.021)
jive 0.090 (0.021) (0.021)

mjive 0.089 (0.021) (0.021)  (0.021) (0.021)

tsls 0.073  (0.017)

liml 0.095 (0.017)

btsls 0.097 (0.017) 0.039  (0.039)

mbtsls  0.098 (0.017) (0.040)  (0.040) (0.039)
jive 0.056 (0.017)  0.053)

mijive 0.096 (0.017) (0.054)  (0.040) (0.040)

gob interacted with year and state of birth, qob as exogenous variable

tsls 0.069 (0.033)

liml 0.093 (0.034) (0.128)  (0.128)

btsls 0.099 (0.034) (0.131)

mbtsls 0.102 (0.034) (0.132)  (0.132) (0.132)
jive 0.064 (0.033) (0.180)

mjive 0.096 0.034) (0.184)  (0.133) (0.133)



